




























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































514 14. Unsupervised Learning

FIGURE 14.9. Sir Ronald A. Fisher (1890 − 1962) was one of the founders
of modern day statistics, to whom we owe maximum-likelihood, sufficiency, and
many other fundamental concepts. The image on the left is a 1024×1024 grayscale
image at 8 bits per pixel. The center image is the result of 2× 2 block VQ, using
200 code vectors, with a compression rate of 1.9 bits/pixel. The right image uses
only four code vectors, with a compression rate of 0.50 bits/pixel

We see that the procedure is successful at grouping together samples of
the same cancer. In fact, the two breast cancers in the second cluster were
later found to be misdiagnosed and were melanomas that had metastasized.
However,K-means clustering has shortcomings in this application. For one,
it does not give a linear ordering of objects within a cluster: we have simply
listed them in alphabetic order above. Secondly, as the number of clusters
K is changed, the cluster memberships can change in arbitrary ways. That
is, with say four clusters, the clusters need not be nested within the three
clusters above. For these reasons, hierarchical clustering (described later),
is probably preferable for this application.

14.3.9 Vector Quantization

The K-means clustering algorithm represents a key tool in the apparently
unrelated area of image and signal compression, particularly in vector quan-
tization or VQ (Gersho and Gray, 1992). The left image in Figure 14.92 is a
digitized photograph of a famous statistician, Sir Ronald Fisher. It consists
of 1024× 1024 pixels, where each pixel is a grayscale value ranging from 0
to 255, and hence requires 8 bits of storage per pixel. The entire image oc-
cupies 1 megabyte of storage. The center image is a VQ-compressed version
of the left panel, and requires 0.239 of the storage (at some loss in quality).
The right image is compressed even more, and requires only 0.0625 of the
storage (at a considerable loss in quality).
The version of VQ implemented here first breaks the image into small

blocks, in this case 2×2 blocks of pixels. Each of the 512×512 blocks of four

2This example was prepared by Maya Gupta.
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numbers is regarded as a vector in IR4. A K-means clustering algorithm
(also known as Lloyd’s algorithm in this context) is run in this space.
The center image uses K = 200, while the right image K = 4. Each of
the 512× 512 pixel blocks (or points) is approximated by its closest cluster
centroid, known as a codeword. The clustering process is called the encoding
step, and the collection of centroids is called the codebook.
To represent the approximated image, we need to supply for each block

the identity of the codebook entry that approximates it. This will require
log2(K) bits per block. We also need to supply the codebook itself, which
is K × 4 real numbers (typically negligible). Overall, the storage for the
compressed image amounts to log2(K)/(4 · 8) of the original (0.239 for
K = 200, 0.063 for K = 4). This is typically expressed as a rate in bits
per pixel: log2(K)/4, which are 1.91 and 0.50, respectively. The process
of constructing the approximate image from the centroids is called the
decoding step.
Why do we expect VQ to work at all? The reason is that for typical

everyday images like photographs, many of the blocks look the same. In
this case there are many almost pure white blocks, and similarly pure gray
blocks of various shades. These require only one block each to represent
them, and then multiple pointers to that block.
What we have described is known as lossy compression, since our im-

ages are degraded versions of the original. The degradation or distortion is
usually measured in terms of mean squared error. In this case D = 0.89
for K = 200 and D = 16.95 for K = 4. More generally a rate/distortion
curve would be used to assess the tradeoff. One can also perform lossless
compression using block clustering, and still capitalize on the repeated pat-
terns. If you took the original image and losslessly compressed it, the best
you would do is 4.48 bits per pixel.
We claimed above that log2(K) bits were needed to identify each of theK

codewords in the codebook. This uses a fixed-length code, and is inefficient
if some codewords occur many more times than others in the image. Using
Shannon coding theory, we know that in general a variable length code
will do better, and the rate then becomes −∑K

ℓ=1 pℓ log2(pℓ)/4. The term
in the numerator is the entropy of the distribution pℓ of the codewords
in the image. Using variable length coding our rates come down to 1.42
and 0.39, respectively. Finally, there are many generalizations of VQ that
have been developed: for example, tree-structured VQ finds the centroids
with a top-down, 2-means style algorithm, as alluded to in Section 14.3.12.
This allows successive refinement of the compression. Further details may
be found in Gersho and Gray (1992).

14.3.10 K-medoids

As discussed above, the K-means algorithm is appropriate when the dis-
similarity measure is taken to be squared Euclidean distance D(xi, xi′)
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Algorithm 14.2 K-medoids Clustering.

1. For a given cluster assignment C find the observation in the cluster
minimizing total distance to other points in that cluster:

i∗k = argmin
{i:C(i)=k}

∑

C(i′)=k

D(xi, xi′). (14.35)

Then mk = xi∗
k
, k = 1, 2, . . . ,K are the current estimates of the

cluster centers.

2. Given a current set of cluster centers {m1, . . . ,mK}, minimize the to-
tal error by assigning each observation to the closest (current) cluster
center:

C(i) = argmin
1≤k≤K

D(xi,mk). (14.36)

3. Iterate steps 1 and 2 until the assignments do not change.

(14.112). This requires all of the variables to be of the quantitative type. In
addition, using squared Euclidean distance places the highest influence on
the largest distances. This causes the procedure to lack robustness against
outliers that produce very large distances. These restrictions can be re-
moved at the expense of computation.
The only part of the K-means algorithm that assumes squared Eu-

clidean distance is the minimization step (14.32); the cluster representatives
{m1, . . . ,mK} in (14.33) are taken to be the means of the currently assigned
clusters. The algorithm can be generalized for use with arbitrarily defined
dissimilarities D(xi, xi′) by replacing this step by an explicit optimization
with respect to {m1, . . . ,mK} in (14.33). In the most common form, cen-
ters for each cluster are restricted to be one of the observations assigned
to the cluster, as summarized in Algorithm 14.2. This algorithm assumes
attribute data, but the approach can also be applied to data described
only by proximity matrices (Section 14.3.1). There is no need to explicitly
compute cluster centers; rather we just keep track of the indices i∗k.
Solving (14.32) for each provisional cluster k requires an amount of com-

putation proportional to the number of observations assigned to it, whereas
for solving (14.35) the computation increases to O(N2

k ). Given a set of clus-
ter “centers,” {i1, . . . , iK}, obtaining the new assignments

C(i) = argmin
1≤k≤K

dii∗
k

(14.37)

requires computation proportional to K ·N as before. Thus, K-medoids is
far more computationally intensive than K-means.

Alternating between (14.35) and (14.37) represents a particular heuristic
search strategy for trying to solve
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TABLE 14.3. Data from a political science survey: values are average pairwise
dissimilarities of countries from a questionnaire given to political science students.

BEL BRA CHI CUB EGY FRA IND ISR USA USS YUG

BRA 5.58
CHI 7.00 6.50
CUB 7.08 7.00 3.83
EGY 4.83 5.08 8.17 5.83
FRA 2.17 5.75 6.67 6.92 4.92
IND 6.42 5.00 5.58 6.00 4.67 6.42
ISR 3.42 5.50 6.42 6.42 5.00 3.92 6.17
USA 2.50 4.92 6.25 7.33 4.50 2.25 6.33 2.75
USS 6.08 6.67 4.25 2.67 6.00 6.17 6.17 6.92 6.17
YUG 5.25 6.83 4.50 3.75 5.75 5.42 6.08 5.83 6.67 3.67
ZAI 4.75 3.00 6.08 6.67 5.00 5.58 4.83 6.17 5.67 6.50 6.92

min
C, {ik}K

1

K∑

k=1

∑

C(i)=k

diik . (14.38)

Kaufman and Rousseeuw (1990) propose an alternative strategy for directly
solving (14.38) that provisionally exchanges each center ik with an obser-
vation that is not currently a center, selecting the exchange that produces
the greatest reduction in the value of the criterion (14.38). This is repeated
until no advantageous exchanges can be found. Massart et al. (1983) derive
a branch-and-bound combinatorial method that finds the global minimum
of (14.38) that is practical only for very small data sets.

Example: Country Dissimilarities

This example, taken from Kaufman and Rousseeuw (1990), comes from a
study in which political science students were asked to provide pairwise dis-
similarity measures for 12 countries: Belgium, Brazil, Chile, Cuba, Egypt,
France, India, Israel, United States, Union of Soviet Socialist Republics,
Yugoslavia and Zaire. The average dissimilarity scores are given in Ta-
ble 14.3. We applied 3-medoid clustering to these dissimilarities. Note that
K-means clustering could not be applied because we have only distances
rather than raw observations. The left panel of Figure 14.10 shows the
dissimilarities reordered and blocked according to the 3-medoid clustering.
The right panel is a two-dimensional multidimensional scaling plot, with
the 3-medoid clusters assignments indicated by colors (multidimensional
scaling is discussed in Section 14.8.) Both plots show three well-separated
clusters, but the MDS display indicates that “Egypt” falls about halfway
between two clusters.
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FIGURE 14.10. Survey of country dissimilarities. (Left panel:) dissimilarities
reordered and blocked according to 3-medoid clustering. Heat map is coded from
most similar (dark red) to least similar (bright red). (Right panel:) two-dimen-
sional multidimensional scaling plot, with 3-medoid clusters indicated by different
colors.

14.3.11 Practical Issues

In order to apply K-means or K-medoids one must select the number of
clusters K∗ and an initialization. The latter can be defined by specifying
an initial set of centers {m1, . . . ,mK} or {i1, . . . , iK} or an initial encoder
C(i). Usually specifying the centers is more convenient. Suggestions range
from simple random selection to a deliberate strategy based on forward
stepwise assignment. At each step a new center ik is chosen to minimize
the criterion (14.33) or (14.38), given the centers i1, . . . , ik−1 chosen at the
previous steps. This continues for K steps, thereby producing K initial
centers with which to begin the optimization algorithm.
A choice for the number of clusters K depends on the goal. For data

segmentation K is usually defined as part of the problem. For example,
a company may employ K sales people, and the goal is to partition a
customer database intoK segments, one for each sales person, such that the
customers assigned to each one are as similar as possible. Often, however,
cluster analysis is used to provide a descriptive statistic for ascertaining the
extent to which the observations comprising the data base fall into natural
distinct groupings. Here the number of such groups K∗ is unknown and
one requires that it, as well as the groupings themselves, be estimated from
the data.
Data-based methods for estimating K∗ typically examine the within-

cluster dissimilarityWK as a function of the number of clustersK. Separate
solutions are obtained for K ∈ {1, 2, . . . ,Kmax}. The corresponding values
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{W1,W2, . . . ,WKmax
} generally decrease with increasing K. This will be

the case even when the criterion is evaluated on an independent test set,
since a large number of cluster centers will tend to fill the feature space
densely and thus will be close to all data points. Thus cross-validation
techniques, so useful for model selection in supervised learning, cannot be
utilized in this context.
The intuition underlying the approach is that if there are actually K∗

distinct groupings of the observations (as defined by the dissimilarity mea-
sure), then for K < K∗ the clusters returned by the algorithm will each
contain a subset of the true underlying groups. That is, the solution will
not assign observations in the same naturally occurring group to different
estimated clusters. To the extent that this is the case, the solution criterion
value will tend to decrease substantially with each successive increase in the
number of specified clusters, WK+1 ≪WK , as the natural groups are suc-
cessively assigned to separate clusters. For K > K∗, one of the estimated
clusters must partition at least one of the natural groups into two sub-
groups. This will tend to provide a smaller decrease in the criterion as K is
further increased. Splitting a natural group, within which the observations
are all quite close to each other, reduces the criterion less than partitioning
the union of two well-separated groups into their proper constituents.
To the extent this scenario is realized, there will be a sharp decrease in

successive differences in criterion value, WK −WK+1, at K = K∗. That
is, {WK − WK+1 |K < K∗} ≫ {WK − WK+1 |K ≥ K∗}. An estimate
K̂∗ for K∗ is then obtained by identifying a “kink” in the plot of WK as a
function ofK. As with other aspects of clustering procedures, this approach
is somewhat heuristic.
The recently proposed Gap statistic (Tibshirani et al., 2001b) compares

the curve logWK to the curve obtained from data uniformly distributed
over a rectangle containing the data. It estimates the optimal number of
clusters to be the place where the gap between the two curves is largest.
Essentially this is an automatic way of locating the aforementioned “kink.”
It also works reasonably well when the data fall into a single cluster, and
in that case will tend to estimate the optimal number of clusters to be one.
This is the scenario where most other competing methods fail.

Figure 14.11 shows the result of the Gap statistic applied to simulated
data of Figure 14.4. The left panel shows logWK for k = 1, 2, . . . , 8 clusters
(green curve) and the expected value of logWK over 20 simulations from
uniform data (blue curve). The right panel shows the gap curve, which is the
expected curve minus the observed curve. Shown also are error bars of half-
width s′K = sK

√
1 + 1/20, where sK is the standard deviation of logWK

over the 20 simulations. The Gap curve is maximized at K = 2 clusters. If
G(K) is the Gap curve at K clusters, the formal rule for estimating K∗ is

K∗ = argmin
K
{K|G(K) ≥ G(K + 1)− s′K+1}. (14.39)



520 14. Unsupervised Learning

Number of Clusters

2 4 6 8

-3
.0

-2
.5

-2
.0

-1
.5

-1
.0

-0
.5

0.
0 •

• •

• •
•

• •

•

•
•

•
•

•
• •

Number of Clusters
G

ap

2 4 6 8

-0
.5

0.
0

0.
5

1.
0

•

•

•
•

• • •

•lo
g
W

K
−

lo
g
W

1

FIGURE 14.11. (Left panel): observed (green) and expected (blue) values of
logWK for the simulated data of Figure 14.4. Both curves have been translated
to equal zero at one cluster. (Right panel): Gap curve, equal to the difference
between the observed and expected values of logWK . The Gap estimate K∗ is the
smallest K producing a gap within one standard deviation of the gap at K + 1;
here K∗ = 2.

This gives K∗ = 2, which looks reasonable from Figure 14.4.

14.3.12 Hierarchical Clustering

The results of applying K-means or K-medoids clustering algorithms de-
pend on the choice for the number of clusters to be searched and a starting
configuration assignment. In contrast, hierarchical clustering methods do
not require such specifications. Instead, they require the user to specify a
measure of dissimilarity between (disjoint) groups of observations, based
on the pairwise dissimilarities among the observations in the two groups.
As the name suggests, they produce hierarchical representations in which
the clusters at each level of the hierarchy are created by merging clusters
at the next lower level. At the lowest level, each cluster contains a single
observation. At the highest level there is only one cluster containing all of
the data.
Strategies for hierarchical clustering divide into two basic paradigms: ag-

glomerative (bottom-up) and divisive (top-down). Agglomerative strategies
start at the bottom and at each level recursively merge a selected pair of
clusters into a single cluster. This produces a grouping at the next higher
level with one less cluster. The pair chosen for merging consist of the two
groups with the smallest intergroup dissimilarity. Divisive methods start
at the top and at each level recursively split one of the existing clusters at
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that level into two new clusters. The split is chosen to produce two new
groups with the largest between-group dissimilarity. With both paradigms
there are N − 1 levels in the hierarchy.
Each level of the hierarchy represents a particular grouping of the data

into disjoint clusters of observations. The entire hierarchy represents an
ordered sequence of such groupings. It is up to the user to decide which
level (if any) actually represents a “natural” clustering in the sense that
observations within each of its groups are sufficiently more similar to each
other than to observations assigned to different groups at that level. The
Gap statistic described earlier can be used for this purpose.

Recursive binary splitting/agglomeration can be represented by a rooted
binary tree. The nodes of the trees represent groups. The root node repre-
sents the entire data set. The N terminal nodes each represent one of the
individual observations (singleton clusters). Each nonterminal node (“par-
ent”) has two daughter nodes. For divisive clustering the two daughters
represent the two groups resulting from the split of the parent; for agglom-
erative clustering the daughters represent the two groups that were merged
to form the parent.
All agglomerative and some divisive methods (when viewed bottom-up)

possess a monotonicity property. That is, the dissimilarity between merged
clusters is monotone increasing with the level of the merger. Thus the
binary tree can be plotted so that the height of each node is proportional
to the value of the intergroup dissimilarity between its two daughters. The
terminal nodes representing individual observations are all plotted at zero
height. This type of graphical display is called a dendrogram.

A dendrogram provides a highly interpretable complete description of
the hierarchical clustering in a graphical format. This is one of the main
reasons for the popularity of hierarchical clustering methods.

For the microarray data, Figure 14.12 shows the dendrogram resulting
from agglomerative clustering with average linkage; agglomerative cluster-
ing and this example are discussed in more detail later in this chapter.
Cutting the dendrogram horizontally at a particular height partitions the
data into disjoint clusters represented by the vertical lines that intersect
it. These are the clusters that would be produced by terminating the pro-
cedure when the optimal intergroup dissimilarity exceeds that threshold
cut value. Groups that merge at high values, relative to the merger values
of the subgroups contained within them lower in the tree, are candidates
for natural clusters. Note that this may occur at several different levels,
indicating a clustering hierarchy: that is, clusters nested within clusters.
Such a dendrogram is often viewed as a graphical summary of the data

itself, rather than a description of the results of the algorithm. However,
such interpretations should be treated with caution. First, different hierar-
chical methods (see below), as well as small changes in the data, can lead
to quite different dendrograms. Also, such a summary will be valid only to
the extent that the pairwise observation dissimilarities possess the hierar-
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FIGURE 14.12. Dendrogram from agglomerative hierarchical clustering with
average linkage to the human tumor microarray data.

chical structure produced by the algorithm. Hierarchical methods impose
hierarchical structure whether or not such structure actually exists in the
data.
The extent to which the hierarchical structure produced by a dendro-

gram actually represents the data itself can be judged by the cophenetic
correlation coefficient. This is the correlation between the N(N−1)/2 pair-
wise observation dissimilarities dii′ input to the algorithm and their corre-
sponding cophenetic dissimilarities Cii′ derived from the dendrogram. The
cophenetic dissimilarity Cii′ between two observations (i, i′) is the inter-
group dissimilarity at which observations i and i′ are first joined together
in the same cluster.
The cophenetic dissimilarity is a very restrictive dissimilarity measure.

First, the Cii′ over the observations must contain many ties, since onlyN−1
of the total N(N − 1)/2 values can be distinct. Also these dissimilarities
obey the ultrametric inequality

Cii′ ≤ max{Cik, Ci′k} (14.40)
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for any three observations (i, i′, k). As a geometric example, suppose the
data were represented as points in a Euclidean coordinate system. In order
for the set of interpoint distances over the data to conform to (14.40), the
triangles formed by all triples of points must be isosceles triangles with the
unequal length no longer than the length of the two equal sides (Jain and
Dubes, 1988). Therefore it is unrealistic to expect general dissimilarities
over arbitrary data sets to closely resemble their corresponding cophenetic
dissimilarities as calculated from a dendrogram, especially if there are not
many tied values. Thus the dendrogram should be viewed mainly as a de-
scription of the clustering structure of the data as imposed by the particular
algorithm employed.

Agglomerative Clustering

Agglomerative clustering algorithms begin with every observation repre-
senting a singleton cluster. At each of the N −1 steps the closest two (least
dissimilar) clusters are merged into a single cluster, producing one less clus-
ter at the next higher level. Therefore, a measure of dissimilarity between
two clusters (groups of observations) must be defined.
Let G and H represent two such groups. The dissimilarity d(G,H) be-

tween G and H is computed from the set of pairwise observation dissim-
ilarities dii′ where one member of the pair i is in G and the other i′ is
in H. Single linkage (SL) agglomerative clustering takes the intergroup
dissimilarity to be that of the closest (least dissimilar) pair

dSL(G,H) = min
i∈G
i′∈H

dii′ . (14.41)

This is also often called the nearest-neighbor technique. Complete linkage
(CL) agglomerative clustering (furthest-neighbor technique) takes the in-
tergroup dissimilarity to be that of the furthest (most dissimilar) pair

dCL(G,H) = max
i∈G
i′∈H

dii′ . (14.42)

Group average (GA) clustering uses the average dissimilarity between the
groups

dGA(G,H) =
1

NGNH

∑

i∈G

∑

i′∈H

dii′ (14.43)

where NG and NH are the respective number of observations in each group.
Although there have been many other proposals for defining intergroup
dissimilarity in the context of agglomerative clustering, the above three are
the ones most commonly used. Figure 14.13 shows examples of all three.

If the data dissimilarities {dii′} exhibit a strong clustering tendency, with
each of the clusters being compact and well separated from others, then all
three methods produce similar results. Clusters are compact if all of the
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FIGURE 14.13. Dendrograms from agglomerative hierarchical clustering of hu-
man tumor microarray data.

observations within them are relatively close together (small dissimilarities)
as compared with observations in different clusters. To the extent this is
not the case, results will differ.
Single linkage (14.41) only requires that a single dissimilarity dii′ , i ∈ G

and i′ ∈ H, be small for two groups G and H to be considered close
together, irrespective of the other observation dissimilarities between the
groups. It will therefore have a tendency to combine, at relatively low
thresholds, observations linked by a series of close intermediate observa-
tions. This phenomenon, referred to as chaining, is often considered a de-
fect of the method. The clusters produced by single linkage can violate the
“compactness” property that all observations within each cluster tend to
be similar to one another, based on the supplied observation dissimilari-
ties {dii′}. If we define the diameter DG of a group of observations as the
largest dissimilarity among its members

DG = max
i∈G
i′∈G

dii′ , (14.44)

then single linkage can produce clusters with very large diameters.
Complete linkage (14.42) represents the opposite extreme. Two groups

G and H are considered close only if all of the observations in their union
are relatively similar. It will tend to produce compact clusters with small
diameters (14.44). However, it can produce clusters that violate the “close-
ness” property. That is, observations assigned to a cluster can be much
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closer to members of other clusters than they are to some members of their
own cluster.
Group average clustering (14.43) represents a compromise between the

two extremes of single and complete linkage. It attempts to produce rel-
atively compact clusters that are relatively far apart. However, its results
depend on the numerical scale on which the observation dissimilarities dii′

are measured. Applying a monotone strictly increasing transformation h(·)
to the dii′ , hii′ = h(dii′), can change the result produced by (14.43). In
contrast, (14.41) and (14.42) depend only on the ordering of the dii′ and
are thus invariant to such monotone transformations. This invariance is
often used as an argument in favor of single or complete linkage over group
average methods.
One can argue that group average clustering has a statistical consis-

tency property violated by single and complete linkage. Assume we have
attribute-value data XT = (X1, . . . , Xp) and that each cluster k is a ran-
dom sample from some population joint density pk(x). The complete data
set is a random sample from a mixture of K such densities. The group
average dissimilarity dGA(G,H) (14.43) is an estimate of

∫ ∫
d(x, x′) pG(x) pH(x′) dx dx′, (14.45)

where d(x, x′) is the dissimilarity between points x and x′ in the space
of attribute values. As the sample size N approaches infinity dGA(G,H)
(14.43) approaches (14.45), which is a characteristic of the relationship
between the two densities pG(x) and pH(x) . For single linkage, dSL(G,H)
(14.41) approaches zero as N →∞ independent of pG(x) and pH(x) . For
complete linkage, dCL(G,H) (14.42) becomes infinite as N → ∞, again
independent of the two densities. Thus, it is not clear what aspects of the
population distribution are being estimated by dSL(G,H) and dCL(G,H).

Example: Human Cancer Microarray Data (Continued)

The left panel of Figure 14.13 shows the dendrogram resulting from average
linkage agglomerative clustering of the samples (columns) of the microarray
data. The middle and right panels show the result using complete and single
linkage. Average and complete linkage gave similar results, while single
linkage produced unbalanced groups with long thin clusters. We focus on
the average linkage clustering.
LikeK-means clustering, hierarchical clustering is successful at clustering

simple cancers together. However it has other nice features. By cutting off
the dendrogram at various heights, different numbers of clusters emerge,
and the sets of clusters are nested within one another. Secondly, it gives
some partial ordering information about the samples. In Figure 14.14, we
have arranged the genes (rows) and samples (columns) of the expression
matrix in orderings derived from hierarchical clustering.
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Note that if we flip the orientation of the branches of a dendrogram at any
merge, the resulting dendrogram is still consistent with the series of hierar-
chical clustering operations. Hence to determine an ordering of the leaves,
we must add a constraint. To produce the row ordering of Figure 14.14,
we have used the default rule in S-PLUS: at each merge, the subtree with
the tighter cluster is placed to the left (toward the bottom in the rotated
dendrogram in the figure.) Individual genes are the tightest clusters possi-
ble, and merges involving two individual genes place them in order by their
observation number. The same rule was used for the columns. Many other
rules are possible—for example, ordering by a multidimensional scaling of
the genes; see Section 14.8.
The two-way rearrangement of Figure 14.14 produces an informative pic-

ture of the genes and samples. This picture is more informative than the
randomly ordered rows and columns of Figure 1.3 of Chapter 1. Further-
more, the dendrograms themselves are useful, as biologists can, for example,
interpret the gene clusters in terms of biological processes.

Divisive Clustering

Divisive clustering algorithms begin with the entire data set as a single
cluster, and recursively divide one of the existing clusters into two daugh-
ter clusters at each iteration in a top-down fashion. This approach has not
been studied nearly as extensively as agglomerative methods in the cluster-
ing literature. It has been explored somewhat in the engineering literature
(Gersho and Gray, 1992) in the context of compression. In the clustering
setting, a potential advantage of divisive over agglomerative methods can
occur when interest is focused on partitioning the data into a relatively
small number of clusters.
The divisive paradigm can be employed by recursively applying any of

the combinatorial methods such as K-means (Section 14.3.6) or K-medoids
(Section 14.3.10), with K = 2, to perform the splits at each iteration. How-
ever, such an approach would depend on the starting configuration specified
at each step. In addition, it would not necessarily produce a splitting se-
quence that possesses the monotonicity property required for dendrogram
representation.
A divisive algorithm that avoids these problems was proposed by Mac-

naughton Smith et al. (1965). It begins by placing all observations in a
single cluster G. It then chooses that observation whose average dissimi-
larity from all the other observations is largest. This observation forms the
first member of a second clusterH. At each successive step that observation
in G whose average distance from those in H, minus that for the remaining
observations in G is largest, is transferred to H. This continues until the
corresponding difference in averages becomes negative. That is, there are
no longer any observations in G that are, on average, closer to those in
H. The result is a split of the original cluster into two daughter clusters,
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FIGURE 14.14. DNA microarray data: average linkage hierarchical clustering
has been applied independently to the rows (genes) and columns (samples), de-
termining the ordering of the rows and columns (see text). The colors range from
bright green (negative, under-expressed) to bright red (positive, over-expressed).
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the observations transferred to H, and those remaining in G. These two
clusters represent the second level of the hierarchy. Each successive level
is produced by applying this splitting procedure to one of the clusters at
the previous level. Kaufman and Rousseeuw (1990) suggest choosing the
cluster at each level with the largest diameter (14.44) for splitting. An al-
ternative would be to choose the one with the largest average dissimilarity
among its members

d̄G =
1

NG

∑

i∈G

∑

i′∈G

dii′ .

The recursive splitting continues until all clusters either become singletons
or all members of each one have zero dissimilarity from one another.

14.4 Self-Organizing Maps

This method can be viewed as a constrained version of K-means clustering,
in which the prototypes are encouraged to lie in a one- or two-dimensional
manifold in the feature space. The resulting manifold is also referred to
as a constrained topological map, since the original high-dimensional obser-
vations can be mapped down onto the two-dimensional coordinate system.
The original SOM algorithm was online—observations are processed one at
a time—and later a batch version was proposed. The technique also bears
a close relationship to principal curves and surfaces, which are discussed in
the next section.
We consider a SOM with a two-dimensional rectangular grid of K proto-

types mj ∈ IRp (other choices, such as hexagonal grids, can also be used).
Each of the K prototypes are parametrized with respect to an integer
coordinate pair ℓj ∈ Q1 ×Q2. Here Q1 = {1, 2, . . . , q1}, similarly Q2, and
K = q1·q2. Themj are initialized, for example, to lie in the two-dimensional
principal component plane of the data (next section). We can think of the
prototypes as “buttons,” “sewn” on the principal component plane in a
regular pattern. The SOM procedure tries to bend the plane so that the
buttons approximate the data points as well as possible. Once the model is
fit, the observations can be mapped down onto the two-dimensional grid.

The observations xi are processed one at a time. We find the closest
prototype mj to xi in Euclidean distance in IRp, and then for all neighbors
mk of mj , move mk toward xi via the update

mk ← mk + α(xi −mk). (14.46)

The “neighbors” of mj are defined to be all mk such that the distance
between ℓj and ℓk is small. The simplest approach uses Euclidean distance,
and “small” is determined by a threshold r. This neighborhood always
includes the closest prototype mj itself.
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Notice that distance is defined in the space Q1×Q2 of integer topological
coordinates of the prototypes, rather than in the feature space IRp. The
effect of the update (14.46) is to move the prototypes closer to the data,
but also to maintain a smooth two-dimensional spatial relationship between
the prototypes.
The performance of the SOM algorithm depends on the learning rate

α and the distance threshold r. Typically α is decreased from say 1.0 to
0.0 over a few thousand iterations (one per observation). Similarly r is
decreased linearly from starting value R to 1 over a few thousand iterations.
We illustrate a method for choosing R in the example below.

We have described the simplest version of the SOM. More sophisticated
versions modify the update step according to distance:

mk ← mk + αh(‖ℓj − ℓk‖)(xi −mk), (14.47)

where the neighborhood function h gives more weight to prototypesmk with
indices ℓk closer to ℓj than to those further away.
If we take the distance r small enough so that each neighborhood contains

only one point, then the spatial connection between prototypes is lost. In
that case one can show that the SOM algorithm is an online version of
K-means clustering, and eventually stabilizes at one of the local minima
found by K-means. Since the SOM is a constrained version of K-means
clustering, it is important to check whether the constraint is reasonable
in any given problem. One can do this by computing the reconstruction
error ‖x − mj‖2, summed over observations, for both methods. This will
necessarily be smaller for K-means, but should not be much smaller if the
SOM is a reasonable approximation.
As an illustrative example, we generated 90 data points in three dimen-

sions, near the surface of a half sphere of radius 1. The points were in each
of three clusters—red, green, and blue—located near (0, 1, 0), (0, 0, 1) and
(1, 0, 0). The data are shown in Figure 14.15
By design, the red cluster was much tighter than the green or blue ones.

(Full details of the data generation are given in Exercise 14.5.) A 5×5 grid
of prototypes was used, with initial grid size R = 2; this meant that about
a third of the prototypes were initially in each neighborhood. We did a
total of 40 passes through the dataset of 90 observations, and let r and α
decrease linearly over the 3600 iterations.
In Figure 14.16 the prototypes are indicated by circles, and the points

that project to each prototype are plotted randomly within the correspond-
ing circle. The left panel shows the initial configuration, while the right
panel shows the final one. The algorithm has succeeded in separating the
clusters; however, the separation of the red cluster indicates that the man-
ifold has folded back on itself (see Figure 14.17). Since the distances in the
two-dimensional display are not used, there is little indication in the SOM
projection that the red cluster is tighter than the others.
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FIGURE 14.15. Simulated data in three classes, near the surface of a half–
sphere.
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FIGURE 14.16. Self-organizing map applied to half-sphere data example. Left
panel is the initial configuration, right panel the final one. The 5 × 5 grid of
prototypes are indicated by circles, and the points that project to each prototype
are plotted randomly within the corresponding circle.
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FIGURE 14.17. Wiremesh representation of the fitted SOM model in IR3. The
lines represent the horizontal and vertical edges of the topological lattice. The
double lines indicate that the surface was folded diagonally back on itself in order
to model the red points. The cluster members have been jittered to indicate their
color, and the purple points are the node centers.

Figure 14.18 shows the reconstruction error, equal to the total sum of
squares of each data point around its prototype. For comparison we carried
out a K-means clustering with 25 centroids, and indicate its reconstruction
error by the horizontal line on the graph. We see that the SOM significantly
decreases the error, nearly to the level of the K-means solution. This pro-
vides evidence that the two-dimensional constraint used by the SOM is
reasonable for this particular dataset.
In the batch version of the SOM, we update each mj via

mj =

∑
wkxk∑
wk

. (14.48)

The sum is over points xk that mapped (i.e., were closest to) neighbors mk

of mj . The weight function may be rectangular, that is, equal to 1 for the
neighbors ofmk, or may decrease smoothly with distance ‖ℓk−ℓj‖ as before.
If the neighborhood size is chosen small enough so that it consists only
of mk, with rectangular weights, this reduces to the K-means clustering
procedure described earlier. It can also be thought of as a discrete version
of principal curves and surfaces, described in Section 14.5.



532 14. Unsupervised Learning

Iteration

R
ec

on
st

ru
ct

io
n 

E
rr

or

0 500 1000 1500 2000 2500

0
10

20
30

40
50

•

•

•

•

•

•

••

••
•
••

•
•
•
••

•
•••

•
••••••••••••••••••••••••••••

FIGURE 14.18. Half-sphere data: reconstruction error for the SOM as a func-
tion of iteration. Error for k-means clustering is indicated by the horizontal line.

Example: Document Organization and Retrieval

Document retrieval has gained importance with the rapid development of
the Internet and the Web, and SOMs have proved to be useful for organiz-
ing and indexing large corpora. This example is taken from the WEBSOM
homepage http://websom.hut.fi/ (Kohonen et al., 2000). Figure 14.19 rep-
resents a SOM fit to 12,088 newsgroup comp.ai.neural-nets articles. The
labels are generated automatically by the WEBSOM software and provide
a guide as to the typical content of a node.
In applications such as this, the documents have to be reprocessed in

order to create a feature vector. A term-document matrix is created, where
each row represents a single document. The entries in each row are the
relative frequency of each of a predefined set of terms. These terms could
be a large set of dictionary entries (50,000 words), or an even larger set
of bigrams (word pairs), or subsets of these. These matrices are typically
very sparse, and so often some preprocessing is done to reduce the number
of features (columns). Sometimes the SVD (next section) is used to reduce
the matrix; Kohonen et al. (2000) use a randomized variant thereof. These
reduced vectors are then the input to the SOM.
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FIGURE 14.19. Heatmap representation of the SOM model fit to a corpus
of 12,088 newsgroup comp.ai.neural-nets contributions (courtesy WEBSOM
homepage). The lighter areas indicate higher-density areas. Populated nodes are
automatically labeled according to typical content.
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FIGURE 14.20. The first linear principal component of a set of data. The line
minimizes the total squared distance from each point to its orthogonal projection
onto the line.

In this application the authors have developed a “zoom” feature, which
allows one to interact with the map in order to get more detail. The final
level of zooming retrieves the actual news articles, which can then be read.

14.5 Principal Components, Curves and Surfaces

Principal components are discussed in Sections 3.4.1, where they shed light
on the shrinkage mechanism of ridge regression. Principal components are
a sequence of projections of the data, mutually uncorrelated and ordered
in variance. In the next section we present principal components as linear
manifolds approximating a set of N points xi ∈ IRp. We then present
some nonlinear generalizations in Section 14.5.2. Other recent proposals
for nonlinear approximating manifolds are discussed in Section 14.9.

14.5.1 Principal Components

The principal components of a set of data in IRp provide a sequence of best
linear approximations to that data, of all ranks q ≤ p.

Denote the observations by x1, x2, . . . , xN , and consider the rank-q linear
model for representing them
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f(λ) = µ+Vqλ, (14.49)

where µ is a location vector in IRp, Vq is a p× q matrix with q orthogonal
unit vectors as columns, and λ is a q vector of parameters. This is the
parametric representation of an affine hyperplane of rank q. Figures 14.20
and 14.21 illustrate for q = 1 and q = 2, respectively. Fitting such a model
to the data by least squares amounts to minimizing the reconstruction error

min
µ,{λi}, Vq

N∑

i=1

‖xi − µ−Vqλi‖2. (14.50)

We can partially optimize for µ and the λi (Exercise 14.7) to obtain

µ̂ = x̄, (14.51)

λ̂i = VT
q (xi − x̄). (14.52)

This leaves us to find the orthogonal matrix Vq:

min
Vq

N∑

i=1

||(xi − x̄)−VqV
T
q (xi − x̄)||2. (14.53)

For convenience we assume that x̄ = 0 (otherwise we simply replace the
observations by their centered versions x̃i = xi − x̄). The p × p matrix
Hq = VqV

T
q is a projection matrix, and maps each point xi onto its rank-

q reconstruction Hqxi, the orthogonal projection of xi onto the subspace
spanned by the columns of Vq. The solution can be expressed as follows.
Stack the (centered) observations into the rows of an N × p matrix X. We
construct the singular value decomposition of X:

X = UDVT . (14.54)

This is a standard decomposition in numerical analysis, and many algo-
rithms exist for its computation (Golub and Van Loan, 1983, for example).
Here U is an N × p orthogonal matrix (UTU = Ip) whose columns uj are
called the left singular vectors; V is a p×p orthogonal matrix (VTV = Ip)
with columns vj called the right singular vectors, and D is a p×p diagonal
matrix, with diagonal elements d1 ≥ d2 ≥ · · · ≥ dp ≥ 0 known as the sin-
gular values. For each rank q, the solution Vq to (14.53) consists of the first
q columns of V. The columns of UD are called the principal components
of X (see Section 3.5.1). The N optimal λ̂i in (14.52) are given by the first
q principal components (the N rows of the N × q matrix UqDq).
The one-dimensional principal component line in IR2 is illustrated in Fig-

ure 14.20. For each data point xi, there is a closest point on the line, given
by ui1d1v1. Here v1 is the direction of the line and λ̂i = ui1d1 measures
distance along the line from the origin. Similarly Figure 14.21 shows the
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FIGURE 14.21. The best rank-two linear approximation to the half-sphere data.
The right panel shows the projected points with coordinates given by U2D2, the
first two principal components of the data.

two-dimensional principal component surface fit to the half-sphere data
(left panel). The right panel shows the projection of the data onto the
first two principal components. This projection was the basis for the initial
configuration for the SOM method shown earlier. The procedure is quite
successful at separating the clusters. Since the half-sphere is nonlinear, a
nonlinear projection will do a better job, and this is the topic of the next
section.
Principal components have many other nice properties, for example, the

linear combination Xv1 has the highest variance among all linear com-
binations of the features; Xv2 has the highest variance among all linear
combinations satisfying v2 orthogonal to v1, and so on.

Example: Handwritten Digits

Principal components are a useful tool for dimension reduction and com-
pression. We illustrate this feature on the handwritten digits data described
in Chapter 1. Figure 14.22 shows a sample of 130 handwritten 3’s, each a
digitized 16 × 16 grayscale image, from a total of 658 such 3’s. We see
considerable variation in writing styles, character thickness and orienta-
tion. We consider these images as points xi in IR256, and compute their
principal components via the SVD (14.54).
Figure 14.23 shows the first two principal components of these data. For

each of these first two principal components ui1 and ui2, we computed the
5%, 25%, 50%, 75% and 95% quantile points, and used them to define
the rectangular grid superimposed on the plot. The circled points indicate
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FIGURE 14.22. A sample of 130 handwritten 3’s shows a variety of writing
styles.

those images close to the vertices of the grid, where the distance measure
focuses mainly on these projected coordinates, but gives some weight to the
components in the orthogonal subspace. The right plot shows the images
corresponding to these circled points. This allows us to visualize the nature
of the first two principal components. We see that the v1 (horizontal move-
ment) mainly accounts for the lengthening of the lower tail of the three,
while v2 (vertical movement) accounts for character thickness. In terms of
the parametrized model (14.49), this two-component model has the form

f̂(λ) = x̄+ λ1v1 + λ2v2

= + λ1 · + λ2 · . (14.55)

Here we have displayed the first two principal component directions, v1
and v2, as images. Although there are a possible 256 principal components,
approximately 50 account for 90% of the variation in the threes, 12 ac-
count for 63%. Figure 14.24 compares the singular values to those obtained
for equivalent uncorrelated data, obtained by randomly scrambling each
column of X. The pixels in a digitized image are inherently correlated,
and since these are all the same digit the correlations are even stronger.
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FIGURE 14.23. (Left panel:) the first two principal components of the hand-
written threes. The circled points are the closest projected images to the vertices
of a grid, defined by the marginal quantiles of the principal components. (Right
panel:) The images corresponding to the circled points. These show the nature of
the first two principal components.
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FIGURE 14.24. The 256 singular values for the digitized threes, compared to
those for a randomized version of the data (each column of X was scrambled).
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A relatively small subset of the principal components serve as excellent
lower-dimensional features for representing the high-dimensional data.

Example: Procrustes Transformations and Shape Averaging

FIGURE 14.25. (Left panel:) Two different digitized handwritten Ss, each rep-
resented by 96 corresponding points in IR2. The green S has been deliberately
rotated and translated for visual effect. (Right panel:) A Procrustes transforma-
tion applies a translation and rotation to best match up the two set of points.

Figure 14.25 represents two sets of points, the orange and green, in the
same plot. In this instance these points represent two digitized versions
of a handwritten S, extracted from the signature of a subject “Suresh.”
Figure 14.26 shows the entire signatures from which these were extracted
(third and fourth panels). The signatures are recorded dynamically using
touch-screen devices, familiar sights in modern supermarkets. There are
N = 96 points representing each S, which we denote by the N ×2 matrices
X1 and X2. There is a correspondence between the points—the ith rows
of X1 and X2 are meant to represent the same positions along the two S’s.
In the language of morphometrics, these points represent landmarks on
the two objects. How one finds such corresponding landmarks is in general
difficult and subject specific. In this particular case we used dynamic time
warping of the speed signal along each signature (Hastie et al., 1992), but
will not go into details here.
In the right panel we have applied a translation and rotation to the green

points so as best to match the orange—a so-called Procrustes3 transforma-
tion (Mardia et al., 1979, for example).
Consider the problem

min
µ,R
||X2 − (X1R+ 1µT )||F , (14.56)

3Procrustes was an African bandit in Greek mythology, who stretched or squashed
his visitors to fit his iron bed (eventually killing them).
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with X1 and X2 both N × p matrices of corresponding points, R an or-
thonormal p × p matrix4, and µ a p-vector of location coordinates. Here
||X||2F = trace(XTX) is the squared Frobenius matrix norm.
Let x̄1 and x̄2 be the column mean vectors of the matrices, and X̃1 and

X̃2 be the versions of these matrices with the means removed. Consider
the SVD X̃T

1 X̃2 = UDVT . Then the solution to (14.56) is given by (Exer-
cise 14.8)

R̂ = UVT

µ̂ = x̄2 − R̂x̄1,
(14.57)

and the minimal distances is referred to as the Procrustes distance. From
the form of the solution, we can center each matrix at its column centroid,
and then ignore location completely. Hereafter we assume this is the case.

The Procrustes distance with scaling solves a slightly more general
problem,

min
β,R
||X2 − βX1R||F , (14.58)

where β > 0 is a positive scalar. The solution for R is as before, with
β̂ = trace(D)/||X1||2F .
Related to Procrustes distance is the Procrustes average of a collection

of L shapes, which solves the problem

min
{Rℓ}L

1 ,M

L∑

ℓ=1

||XℓRℓ −M||2F ; (14.59)

that is, find the shape M closest in average squared Procrustes distance to
all the shapes. This is solved by a simple alternating algorithm:

0. Initialize M = X1 (for example).

1. Solve the L Procrustes rotation problems with M fixed, yielding
X′

ℓ ← XR̂ℓ.

2. Let M← 1
L

∑L
ℓ=1 X

′
ℓ.

Steps 1. and 2. are repeated until the criterion (14.59) converges.

Figure 14.26 shows a simple example with three shapes. Note that we can
only expect a solution up to a rotation; alternatively, we can impose a
constraint, such as that M be upper-triangular, to force uniqueness. One
can easily incorporate scaling in the definition (14.59); see Exercise 14.9.
Most generally we can define the affine-invariant average of a set of

shapes via

4To simplify matters, we consider only orthogonal matrices which include reflections
as well as rotations [theO(p) group]; although reflections are unlikely here, these methods
can be restricted further to allow only rotations [SO(p) group].
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FIGURE 14.26. The Procrustes average of three versions of the leading S in
Suresh’s signatures. The left panel shows the preshape average, with each of the
shapes X′

ℓ in preshape space superimposed. The right three panels map the pre-
shape M separately to match each of the original S’s.

min
{Aℓ}L

1 ,M

L∑

ℓ=1

||XℓAℓ −M||2F , (14.60)

where the Aℓ are any p× p nonsingular matrices. Here we require a stan-
dardization, such as MTM = I, to avoid a trivial solution. The solution is
attractive, and can be computed without iteration (Exercise 14.10):

1. Let Hℓ = Xℓ(X
T
ℓ Xℓ)

−1XT
ℓ be the rank-p projection matrix defined

by Xℓ.

2. M is the N×p matrix formed from the p largest eigenvectors of H̄ =
1
L

∑L
ℓ=1 Hℓ.

14.5.2 Principal Curves and Surfaces

Principal curves generalize the principal component line, providing a smooth
one-dimensional curved approximation to a set of data points in IRp. A prin-
cipal surface is more general, providing a curved manifold approximation
of dimension 2 or more.
We will first define principal curves for random variables X ∈ IRp, and

then move to the finite data case. Let f(λ) be a parameterized smooth
curve in IRp. Hence f(λ) is a vector function with p coordinates, each a
smooth function of the single parameter λ. The parameter λ can be chosen,
for example, to be arc-length along the curve from some fixed origin. For
each data value x, let λf (x) define the closest point on the curve to x. Then
f(λ) is called a principal curve for the distribution of the random vector
X if

f(λ) = E(X|λf (X) = λ). (14.61)

This says f(λ) is the average of all data points that project to it, that is, the
points for which it is “responsible.” This is also known as a self-consistency
property. Although in practice, continuous multivariate distributes have
infinitely many principal curves (Duchamp and Stuetzle, 1996), we are
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FIGURE 14.27. The principal curve of a set of data. Each point on the curve
is the average of all data points that project there.

interested mainly in the smooth ones. A principal curve is illustrated in
Figure 14.27.
Principal points are an interesting related concept. Consider a set of k

prototypes and for each point x in the support of a distribution, identify
the closest prototype, that is, the prototype that is responsible for it. This
induces a partition of the feature space into so-called Voronoi regions. The
set of k points that minimize the expected distance from X to its prototype
are called the principal points of the distribution. Each principal point is
self-consistent, in that it equals the mean of X in its Voronoi region. For
example, with k = 1, the principal point of a circular normal distribution is
the mean vector; with k = 2 they are a pair of points symmetrically placed
on a ray through the mean vector. Principal points are the distributional
analogs of centroids found by K-means clustering. Principal curves can be
viewed as k =∞ principal points, but constrained to lie on a smooth curve,
in a similar way that a SOM constrains K-means cluster centers to fall on
a smooth manifold.
To find a principal curve f(λ) of a distribution, we consider its coordinate

functions f(λ) = [f1(λ), f2(λ), . . . , fp(λ)] and let XT = (X1, X2, . . . , Xp).
Consider the following alternating steps:

(a) f̂j(λ) ← E(Xj |λ(X) = λ); j = 1, 2, . . . , p,

(b) λ̂f (x) ← argminλ′ ||x− f̂(λ′)||2. (14.62)

The first equation fixes λ and enforces the self-consistency requirement
(14.61). The second equation fixes the curve and finds the closest point on
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FIGURE 14.28. Principal surface fit to half-sphere data. (Left panel:) fitted
two-dimensional surface. (Right panel:) projections of data points onto the sur-
face, resulting in coordinates λ̂1, λ̂2.

the curve to each data point. With finite data, the principal curve algorithm
starts with the linear principal component, and iterates the two steps in
(14.62) until convergence. A scatterplot smoother is used to estimate the
conditional expectations in step (a) by smoothing each Xj as a function of

the arc-length λ̂(X), and the projection in (b) is done for each of the ob-
served data points. Proving convergence in general is difficult, but one can
show that if a linear least squares fit is used for the scatterplot smoothing,
then the procedure converges to the first linear principal component, and
is equivalent to the power method for finding the largest eigenvector of a
matrix.
Principal surfaces have exactly the same form as principal curves, but

are of higher dimension. The mostly commonly used is the two-dimensional
principal surface, with coordinate functions

f(λ1, λ2) = [f1(λ1, λ2), . . . , fp(λ1, λ2)].

The estimates in step (a) above are obtained from two-dimensional surface
smoothers. Principal surfaces of dimension greater than two are rarely used,
since the visualization aspect is less attractive, as is smoothing in high
dimensions.
Figure 14.28 shows the result of a principal surface fit to the half-sphere

data. Plotted are the data points as a function of the estimated nonlinear
coordinates λ̂1(xi), λ̂2(xi). The class separation is evident.
Principal surfaces are very similar to self-organizing maps. If we use a

kernel surface smoother to estimate each coordinate function fj(λ1, λ2),
this has the same form as the batch version of SOMs (14.48). The SOM
weights wk are just the weights in the kernel. There is a difference, however:
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the principal surface estimates a separate prototype f(λ1(xi), λ2(xi)) for
each data point xi, while the SOM shares a smaller number of prototypes
for all data points. As a result, the SOM and principal surface will agree
only as the number of SOM prototypes grows very large.
There also is a conceptual difference between the two. Principal sur-

faces provide a smooth parameterization of the entire manifold in terms
of its coordinate functions, while SOMs are discrete and produce only the
estimated prototypes for approximating the data. The smooth parameter-
ization in principal surfaces preserves distance locally: in Figure 14.28 it
reveals that the red cluster is tighter than the green or blue clusters. In
simple examples the estimates coordinate functions themselves can be in-
formative: see Exercise 14.13.

14.5.3 Spectral Clustering

Traditional clustering methods like K-means use a spherical or elliptical
metric to group data points. Hence they will not work well when the clus-
ters are non-convex, such as the concentric circles in the top left panel of
Figure 14.29. Spectral clustering is a generalization of standard clustering
methods, and is designed for these situations. It has close connections with
the local multidimensional-scaling techniques (Section 14.9) that generalize
MDS.
The starting point is a N ×N matrix of pairwise similarities sii′ ≥ 0 be-

tween all observation pairs. We represent the observations in an undirected
similarity graph G = 〈V, E〉. The N vertices vi represent the observations,
and pairs of vertices are connected by an edge if their similarity is positive
(or exceeds some threshold). The edges are weighted by the sii′ . Clustering
is now rephrased as a graph-partition problem, where we identify connected
components with clusters. We wish to partition the graph, such that edges
between different groups have low weight, and within a group have high
weight. The idea in spectral clustering is to construct similarity graphs that
represent the local neighborhood relationships between observations.
To make things more concrete, consider a set ofN points xi ∈ IRp, and let

dii′ be the Euclidean distance between xi and xi′ . We will use as similarity
matrix the radial-kernel gram matrix; that is, sii′ = exp(−d2ii′/c), where
c > 0 is a scale parameter.
There are many ways to define a similarity matrix and its associated

similarity graph that reflect local behavior. The most popular is the mutual
K-nearest-neighbor graph. Define NK to be the symmetric set of nearby
pairs of points; specifically a pair (i, i′) is in NK if point i is among the
K-nearest neighbors of i′, or vice-versa. Then we connect all symmetric
nearest neighbors, and give them edge weight wii′ = sii′ ; otherwise the
edge weight is zero. Equivalently we set to zero all the pairwise similarities
not in NK , and draw the graph for this modified similarity matrix.
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Alternatively, a fully connected graph includes all pairwise edges with
weights wii′ = sii′ , and the local behavior is controlled by the scale param-
eter c.
The matrix of edge weights W = {wii′} from a similarity graph is called

the adjacency matrix. The degree of vertex i is gi =
∑

i′ wii′ , the sum of
the weights of the edges connected to it. Let G be a diagonal matrix with
diagonal elements gi.
Finally, the graph Laplacian is defined by

L = G−W (14.63)

This is called the unnormalized graph Laplacian; a number of normalized
versions have been proposed—these standardize the Laplacian with respect
to the node degrees gi, for example, L̃ = I−G−1W.
Spectral clustering finds the m eigenvectors ZN×m corresponding to the

m smallest eigenvalues of L (ignoring the trivial constant eigenvector).
Using a standard method like K-means, we then cluster the rows of Z to
yield a clustering of the original data points.
An example is presented in Figure 14.29. The top left panel shows 450

simulated data points in three circular clusters indicated by the colors. K-
means clustering would clearly have difficulty identifying the outer clusters.
We applied spectral clustering using a 10-nearest neighbor similarity graph,
and display the eigenvector corresponding to the second and third smallest
eigenvalue of the graph Laplacian in the lower left. The 15 smallest eigen-
values are shown in the top right panel. The two eigenvectors shown have
identified the three clusters, and a scatterplot of the rows of the eigenvector
matrix Y in the bottom right clearly separates the clusters. A procedure
such as K-means clustering applied to these transformed points would eas-
ily identify the three groups.
Why does spectral clustering work? For any vector f we have

fTLf =

N∑

i=1

gif
2
i −

N∑

i=1

N∑

i′=1

fifi′wii′

=
1

2

N∑

i=1

N∑

i′=1

wii′(fi − fi′)2. (14.64)

Formula 14.64 suggests that a small value of fTLf will be achieved if pairs
of points with large adjacencies have coordinates fi and fi′ close together.
Since 1TL1 = 0 for any graph, the constant vector is a trivial eigenvector

with eigenvalue zero. Not so obvious is the fact that if the graph is con-
nected5, it is the only zero eigenvector (Exercise 14.21). Generalizing this
argument, it is easy to show that for a graph withm connected components,

5A graph is connected if any two nodes can be reached via a path of connected nodes.
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FIGURE 14.29. Toy example illustrating spectral clustering. Data in top left are
450 points falling in three concentric clusters of 150 points each. The points are
uniformly distributed in angle, with radius 1, 2.8 and 5 in the three groups, and
Gaussian noise with standard deviation 0.25 added to each point. Using a k = 10
nearest-neighbor similarity graph, the eigenvector corresponding to the second and
third smallest eigenvalues of L are shown in the bottom left; the smallest eigen-
vector is constant. The data points are colored in the same way as in the top left.
The 15 smallest eigenvalues are shown in the top right panel. The coordinates of
the 2nd and 3rd eigenvectors (the 450 rows of Z) are plotted in the bottom right
panel. Spectral clustering does standard (e.g., K-means) clustering of these points
and will easily recover the three original clusters.
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the nodes can be reordered so that L is block diagonal with a block for each
connected component. Then L has m eigenvectors of eigenvalue zero, and
the eigenspace of eigenvalue zero is spanned by the indicator vectors of the
connected components. In practice one has strong and weak connections,
so zero eigenvalues are approximated by small eigenvalues.
Spectral clustering is an interesting approach for finding non-convex clus-

ters. When a normalized graph Laplacian is used, there is another way to
view this method. Defining P = G−1W, we consider a random walk on
the graph with transition probability matrix P. Then spectral clustering
yields groups of nodes such that the random walk seldom transitions from
one group to another.
There are a number of issues that one must deal with in applying spec-

tral clustering in practice. We must choose the type of similarity graph—eg.
fully connected or nearest neighbors, and associated parameters such as the
number of nearest of neighbors k or the scale parameter of the kernel c. We
must also choose the number of eigenvectors to extract from L and finally,
as with all clustering methods, the number of clusters. In the toy example
of Figure 14.29 we obtained good results for k ∈ [5, 200], the value 200 cor-
responding to a fully connected graph. With k < 5 the results deteriorated.
Looking at the top-right panel of Figure 14.29, we see no strong separation
between the smallest three eigenvalues and the rest. Hence it is not clear
how many eigenvectors to select.

14.5.4 Kernel Principal Components

Spectral clustering is related to kernel principal components, a non-linear
version of linear principal components. Standard linear principal compo-
nents (PCA) are obtained from the eigenvectors of the covariance matrix,
and give directions in which the data have maximal variance. Kernel PCA
(Schölkopf et al., 1999) expand the scope of PCA, mimicking what we would
obtain if we were to expand the features by non-linear transformations, and
then apply PCA in this transformed feature space.
We show in Section 18.5.2 that the principal components variables Z of

a data matrix X can be computed from the inner-product (gram) matrix
K = XXT . In detail, we compute the eigen-decomposition of the double-
centered version of the gram matrix

K̃ = (I−M)K(I−M) = UD2UT , (14.65)

with M = 11T /N , and then Z = UD. Exercise 18.15 shows how to com-
pute the projections of new observations in this space.
Kernel PCA simply mimics this procedure, interpreting the kernel ma-

trix K = {K(xi, xi′)} as an inner-product matrix of the implicit fea-
tures 〈φ(xi), φ(xi′)〉 and finding its eigenvectors. The elements of the mth
component zm (mth column of Z) can be written (up to centering) as

zim =
∑N

j=1 αjmK(xi, xj), where αjm = ujm/dm (Exercise 14.16).
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We can gain more insight into kernel PCA by viewing the zm as sam-
ple evaluations of principal component functions gm ∈ HK , with HK the
reproducing kernel Hilbert space generated by K (see Section 5.8.1). The
first principal component function g1 solves

max
g1∈HK

VarT g1(X) subject to ||g1||HK
= 1 (14.66)

Here VarT refers to the sample variance over training data T . The norm
constraint ||g1||HK

= 1 controls the size and roughness of the function g1,
as dictated by the kernel K. As in the regression case it can be shown that
the solution to (14.66) is finite dimensional with representation g1(x) =∑N

j=1 cjK(x, xj). Exercise 14.17 shows that the solution is defined by ĉj =
αj1, j = 1, . . . , N above. The second principal component function is de-
fined in a similar way, with the additional constraint that 〈g1, g2〉HK

= 0,
and so on.6

Schölkopf et al. (1999) demonstrate the use of kernel principal compo-
nents as features for handwritten-digit classification, and show that they
can improve the performance of a classifier when these are used instead of
linear principal components.
Note that if we use the radial kernel

K(x, x′) = exp(−‖x− x′‖2/c), (14.67)

then the kernel matrix K has the same form as the similarity matrix S in
spectral clustering. The matrix of edge weights W is a localized version of
K, setting to zero all similarities for pairs of points that are not nearest
neighbors.
Kernel PCA finds the eigenvectors corresponding to the largest eigenval-

ues of K̃; this is equivalent to finding the eigenvectors corresponding to the
smallest eigenvalues of

I− K̃. (14.68)

This is almost the same as the Laplacian (14.63), the differences being the

centering of K̃ and the fact that G has the degrees of the nodes along the
diagonal.
Figure 14.30 examines the performance of kernel principal components

in the toy example of Figure 14.29. In the upper left panel we used the ra-
dial kernel with c = 2, the same value that was used in spectral clustering.
This does not separate the groups, but with c = 10 (upper right panel), the
first component separates the groups well. In the lower-left panel we ap-
plied kernel PCA using the nearest-neighbor radial kernel W from spectral
clustering. In the lower right panel we use the kernel matrix itself as the

6This section benefited from helpful discussions with Jonathan Taylor.
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FIGURE 14.30. Kernel principal components applied to the toy example of Fig-
ure 14.29, using different kernels. (Top left:) Radial kernel (14.67) with c = 2.
(Top right:) Radial kernel with c = 10. (Bottom left): Nearest neighbor radial ker-
nel W from spectral clustering. (Bottom right:) Spectral clustering with Laplacian
constructed from the radial kernel.
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similarity matrix for constructing the Laplacian (14.63) in spectral cluster-
ing. In neither case do the projections separate the two groups. Adjusting
c did not help either.
In this toy example, we see that kernel PCA is quite sensitive to the scale

and nature of the kernel. We also see that the nearest-neighbor truncation
of the kernel is important for the success of spectral clustering.

14.5.5 Sparse Principal Components

We often interpret principal components by examining the direction vectors
vj , also known as loadings, to see which variables play a role. We did this
with the image loadings in (14.55). Often this interpretation is made easier
if the loadings are sparse. In this section we briefly discuss some methods
for deriving principal components with sparse loadings. They are all based
on lasso (L1) penalties.
We start with an N × p data matrix X, with centered columns. The

proposed methods focus on either the maximum-variance property of prin-
cipal components, or the minimum reconstruction error. The SCoTLASS
procedure of Joliffe et al. (2003) takes the first approach, by solving

max vT (XTX)v, subject to
∑p

j=1 |vj | ≤ t, vT v = 1. (14.69)

The absolute-value constraint encourages some of the loadings to be zero
and hence v to be sparse. Further sparse principal components are found
in the same way, by forcing the kth component to be orthogonal to the
first k − 1 components. Unfortunately this problem is not convex and the
computations are difficult.
Zou et al. (2006) start instead with the regression/reconstruction prop-

erty of PCA, similar to the approach in Section 14.5.1. Let xi be the ith row
of X. For a single component, their sparse principal component technique
solves

min
θ,v

N∑

i=1

||xi − θvTxi||22 + λ||v||22 + λ1||v||1 (14.70)

subject to ||θ||2 = 1.

Let’s examine this formulation in more detail.

• If both λ and λ1 are zero and N > p, it is easy to show that v = θ
and is the largest principal component direction.

• When p≫ N the solution is not necessarily unique unless λ > 0. For
any λ > 0 and λ1 = 0 the solution for v is proportional to the largest
principal component direction.

• The second penalty on v encourages sparseness of the loadings.
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Walking Speed

Verbal Fluency

Principal Components Sparse Principal Components

FIGURE 14.31. Standard and sparse principal components from a study of
the corpus callosum variation. The shape variations corresponding to significant
principal components (red curves) are overlaid on the mean CC shape (black
curves).

For multiple components, the sparse principal components procedures
minimizes

N∑

i=1

||xi −ΘVTxi||2 + λ

K∑

k=1

||vk||22 +
K∑

k=1

λ1k||vk||1, (14.71)

subject to ΘTΘ = IK . Here V is a p×K matrix with columns vk and Θ

is also p×K.
Criterion (14.71) is not jointly convex in V and Θ, but it is convex in

each parameter with the other parameter fixed7. Minimization over V with
Θ fixed is equivalent to K elastic net problems (Section 18.4) and can be
done efficiently. On the other hand, minimization over Θ with V fixed is a
version of the Procrustes problem (14.56), and is solved by a simple SVD
calculation (Exercise 14.12). These steps are alternated until convergence.
Figure 14.31 shows an example of sparse principal components analysis

using (14.71), taken from Sjöstrand et al. (2007). Here the shape of the
mid-sagittal cross-section of the corpus callosum (CC) is related to various
clinical parameters in a study involving 569 elderly persons8. In this exam-

7Note that the usual principal component criterion, for example (14.50), is not jointly
convex in the parameters either. Nevertheless, the solution is well defined and an efficient

algorithm is available.
8We thank Rasmus Larsen and Karl Sjöstrand for suggesting this application, and

supplying us with the postscript figures reproduced here.
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FIGURE 14.32. An example of a mid-saggital brain slice, with the corpus col-
losum annotated with landmarks.

ple PCA is applied to shape data, and is a popular tool in morphometrics.
For such applications, a number of landmarks are identified along the cir-
cumference of the shape; an example is given in Figure 14.32. These are
aligned by Procrustes analysis to allow for rotations, and in this case scal-
ing as well (see Section 14.5.1). The features used for PCA are the sequence
of coordinate pairs for each landmark, unpacked into a single vector.
In this analysis, both standard and sparse principal components were

computed, and components that were significantly associated with various
clinical parameters were identified. In the figure, the shape variations cor-
responding to significant principal components (red curves) are overlaid on
the mean CC shape (black curves). Low walking speed relates to CCs that
are thinner (displaying atrophy) in regions connecting the motor control
and cognitive centers of the brain. Low verbal fluency relates to CCs that
are thinner in regions connecting auditory/visual/cognitive centers. The
sparse principal components procedure gives a more parsimonious, and po-
tentially more informative picture of the important differences.
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14.6 Non-negative Matrix Factorization

Non-negative matrix factorization (Lee and Seung, 1999) is a recent al-
ternative approach to principal components analysis, in which the data
and components are assumed to be non-negative. It is useful for modeling
non-negative data such as images.
The N × p data matrix X is approximated by

X ≈WH (14.72)

where W is N × r and H is r × p, r ≤ max(N, p). We assume that
xij , wik, hkj ≥ 0.
The matrices W and H are found by maximizing

L(W,H) =

N∑

i=1

p∑

j=1

[xij log(WH)ij − (WH)ij ]. (14.73)

This is the log-likelihood from a model in which xij has a Poisson dis-
tribution with mean (WH)ij—quite reasonable for positive data.
The following alternating algorithm (Lee and Seung, 2001) converges to

a local maximum of L(W,H):

wik ← wik

∑p
j=1 hkjxij/(WH)ij∑p

j=1 hkj

hkj ← hkj

∑N
i=1 wikxij/(WH)ij∑N

i=1 wik

(14.74)

This algorithm can be derived as a minorization procedure for maximizing
L(W,H) (Exercise 14.23) and is also related to the iterative-proportional-
scaling algorithm for log-linear models (Exercise 14.24).
Figure 14.33 shows an example taken from Lee and Seung (1999)9, com-

paring non-negative matrix factorization (NMF), vector quantization (VQ,
equivalent to k-means clustering) and principal components analysis (PCA).
The three learning methods were applied to a database of N = 2, 429 fa-
cial images, each consisting of 19 × 19 pixels, resulting in a 2, 429 × 381
matrix X. As shown in the 7× 7 array of montages (each a 19× 19 image),
each method has learned a set of r = 49 basis images. Positive values are
illustrated with black pixels and negative values with red pixels. A par-
ticular instance of a face, shown at top right, is approximated by a linear
superposition of basis images. The coefficients of the linear superposition
are shown next to each montage, in a 7 × 7 array10, and the resulting su-
perpositions are shown to the right of the equality sign. The authors point

9We thank Sebastian Seung for providing this image.
10These 7× 7 arrangements allow for a compact display, and have no structural

significance.
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out that unlike VQ and PCA, NMF learns to represent faces with a set of
basis images resembling parts of faces.
Donoho and Stodden (2004) point out a potentially serious problem with

non-negative matrix factorization. Even in situations whereX = WH holds
exactly, the decomposition may not be unique. Figure 14.34 illustrates the
problem. The data points lie in p = 2 dimensions, and there is “open space”
between the data and the coordinate axes. We can choose the basis vectors
h1 and h2 anywhere in this open space, and represent each data point
exactly with a nonnegative linear combination of these vectors. This non-
uniqueness means that the solution found by the above algorithm depends
on the starting values, and it would seem to hamper the interpretability of
the factorization. Despite this interpretational drawback, the non-negative
matrix factorization and its applications has attracted a lot of interest.

14.6.1 Archetypal Analysis

This method, due to Cutler and Breiman (1994), approximates data points
by prototypes that are themselves linear combinations of data points. In
this sense it has a similar flavor to K-means clustering. However, rather
than approximating each data point by a single nearby prototype, archety-
pal analysis approximates each data point by a convex combination of a
collection of prototypes. The use of a convex combination forces the proto-
types to lie on the convex hull of the data cloud. In this sense, the prototypes
are “pure,”, or “archetypal.”
As in (14.72), the N × p data matrix X is modeled as

X ≈WH (14.75)

where W is N×r and H is r×p. We assume that wik ≥ 0 and
∑r

k=1 wik =
1 ∀i. Hence the N data points (rows of X) in p-dimensional space are
represented by convex combinations of the r archetypes (rows of H). We
also assume that

H = BX (14.76)

where B is r ×N with bki ≥ 0 and
∑N

i=1 bki = 1 ∀k. Thus the archetypes
themselves are convex combinations of the data points. Using both (14.75)
and (14.76) we minimize

J(W,B) = ||X−WH||2
= ||X−WBX||2 (14.77)

over the weights W and B. This function is minimized in an alternating
fashion, with each separate minimization involving a convex optimization.
The overall problem is not convex however, and so the algorithm converges
to a local minimum of the criterion.
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VQ

×
 =

NMF

=×


PCA

=×


Original

FIGURE 14.33. Non-negative matrix factorization (NMF), vector quantization
(VQ, equivalent to k-means clustering) and principal components analysis (PCA)
applied to a database of facial images. Details are given in the text. Unlike VQ
and PCA, NMF learns to represent faces with a set of basis images resembling
parts of faces.
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h1

h2

FIGURE 14.34. Non-uniqueness of the non-negative matrix factorization.
There are 11 data points in two dimensions. Any choice of the basis vectors h1

and h2 in the open space between the coordinate axes and data, gives an exact
reconstruction of the data.

Figure 14.35 shows an example with simulated data in two dimensions.
The top panel displays the results of archetypal analysis, while the bottom
panel shows the results from K-means clustering. In order to best recon-
struct the data from convex combinations of the prototypes, it pays to
locate the prototypes on the convex hull of the data. This is seen in the top
panels of Figure 14.35 and is the case in general, as proven by Cutler and
Breiman (1994). K-means clustering, shown in the bottom panels, chooses
prototypes in the middle of the data cloud.
We can think of K-means clustering as a special case of the archetypal

model, in which each row of W has a single one and the rest of the entries
are zero.
Notice also that the archetypal model (14.75) has the same general form

as the non-negative matrix factorization model (14.72). However, the two
models are applied in different settings, and have somewhat different goals.
Non-negative matrix factorization aims to approximate the columns of the
data matrix X, and the main output of interest are the columns of W

representing the primary non-negative components in the data. Archetypal
analysis focuses instead on the approximation of the rows of X using the
rows ofH, which represent the archetypal data points. Non-negative matrix
factorization also assumes that r ≤ p. With r = p, we can get an exact
reconstruction simply choosing W to be the data X with columns scaled
so that they sum to 1. In contrast, archetypal analysis requires r ≤ N ,
but allows r > p. In Figure 14.35, for example, p = 2, N = 50 while
r = 2, 4 or 8. The additional constraint (14.76) implies that the archetypal
approximation will not be perfect, even if r > p.

Figure 14.36 shows the results of archetypal analysis applied to the
database of 3’s displayed in Figure 14.22. The three rows in Figure 14.36
are the resulting archetypes from three runs, specifying two, three and four
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2 Prototypes 4 Prototypes 8 Prototypes

FIGURE 14.35. Archetypal analysis (top panels) and K-means clustering (bot-
tom panels) applied to 50 data points drawn from a bivariate Gaussian distribu-
tion. The colored points show the positions of the prototypes in each case.

archetypes, respectively. As expected, the algorithm has produced extreme
3’s both in size and shape.

14.7 Independent Component Analysis and
Exploratory Projection Pursuit

Multivariate data are often viewed as multiple indirect measurements aris-
ing from an underlying source, which typically cannot be directly measured.
Examples include the following:

• Educational and psychological tests use the answers to questionnaires
to measure the underlying intelligence and other mental abilities of
subjects.

• EEG brain scans measure the neuronal activity in various parts of
the brain indirectly via electromagnetic signals recorded at sensors
placed at various positions on the head.

• The trading prices of stocks change constantly over time, and reflect
various unmeasured factors such as market confidence, external in-
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FIGURE 14.36. Archetypal analysis applied to the database of digitized 3’s. The
rows in the figure show the resulting archetypes from three runs, specifying two,
three and four archetypes, respectively.

fluences, and other driving forces that may be hard to identify or
measure.

Factor analysis is a classical technique developed in the statistical liter-
ature that aims to identify these latent sources. Factor analysis models
are typically wed to Gaussian distributions, which has to some extent hin-
dered their usefulness. More recently, independent component analysis has
emerged as a strong competitor to factor analysis, and as we will see, relies
on the non-Gaussian nature of the underlying sources for its success.

14.7.1 Latent Variables and Factor Analysis

The singular-value decomposition X = UDVT (14.54) has a latent variable
representation. Writing S =

√
NU and AT = DVT /

√
N , we have X =

SAT , and hence each of the columns of X is a linear combination of the
columns of S. Now since U is orthogonal, and assuming as before that the
columns of X (and hence U) each have mean zero, this implies that the
columns of S have zero mean, are uncorrelated and have unit variance. In
terms of random variables, we can interpret the SVD, or the corresponding
principal component analysis (PCA) as an estimate of a latent variable
model
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X1 = a11S1 + a12S2 + · · ·+ a1pSp

X2 = a21S1 + a22S2 + · · ·+ a2pSp

...
...

Xp = ap1S1 + ap2S2 + · · ·+ appSp,

(14.78)

or simply X = AS. The correlated Xj are each represented as a linear
expansion in the uncorrelated, unit variance variables Sℓ. This is not too
satisfactory, though, because given any orthogonal p× p matrix R, we can
write

X = AS

= ARTRS

= A∗S∗, (14.79)

and Cov(S∗) = RCov(S)RT = I. Hence there are many such decom-
positions, and it is therefore impossible to identify any particular latent
variables as unique underlying sources. The SVD decomposition does have
the property that any rank q < p truncated decomposition approximates
X in an optimal way.
The classical factor analysismodel, developed primarily by researchers in

psychometrics, alleviates these problems to some extent; see, for example,
Mardia et al. (1979). With q < p, a factor analysis model has the form

X1 = a11S1 + · · ·+ a1qSq + ε1
X2 = a21S1 + · · ·+ a2qSq + ε2
...

...
Xp = ap1S1 + · · ·+ apqSq + εp,

(14.80)

or X = AS + ε. Here S is a vector of q < p underlying latent variables or
factors, A is a p× q matrix of factor loadings, and the εj are uncorrelated
zero-mean disturbances. The idea is that the latent variables Sℓ are com-
mon sources of variation amongst the Xj , and account for their correlation
structure, while the uncorrelated εj are unique to each Xj and pick up the
remaining unaccounted variation. Typically the Sℓ and the εj are modeled
as Gaussian random variables, and the model is fit by maximum likelihood.
The parameters all reside in the covariance matrix

Σ = AAT +Dε, (14.81)

where Dε = diag[Var(ε1), . . . ,Var(εp)]. The Sℓ being Gaussian and un-
correlated makes them statistically independent random variables. Thus a
battery of educational test scores would be thought to be driven by the
independent underlying factors such as intelligence, drive and so on. The
columns of A are referred to as the factor loadings, and are used to name
and interpret the factors.
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Unfortunately the identifiability issue (14.79) remains, since A and ART

are equivalent in (14.81) for any q × q orthogonal R. This leaves a certain
subjectivity in the use of factor analysis, since the user can search for ro-
tated versions of the factors that are more easily interpretable. This aspect
has left many analysts skeptical of factor analysis, and may account for its
lack of popularity in contemporary statistics. Although we will not go into
details here, the SVD plays a key role in the estimation of (14.81). For ex-
ample, if the Var(εj) are all assumed to be equal, the leading q components
of the SVD identify the subspace determined by A.
Because of the separate disturbances εj for each Xj , factor analysis can

be seen to be modeling the correlation structure of the Xj rather than the
covariance structure. This can be easily seen by standardizing the covari-
ance structure in (14.81) (Exercise 14.14). This is an important distinction
between factor analysis and PCA, although not central to the discussion
here. Exercise 14.15 discusses a simple example where the solutions from
factor analysis and PCA differ dramatically because of this distinction.

14.7.2 Independent Component Analysis

The independent component analysis (ICA) model has exactly the same
form as (14.78), except the Sℓ are assumed to be statistically indepen-
dent rather than uncorrelated. Intuitively, lack of correlation determines
the second-degree cross-moments (covariances) of a multivariate distribu-
tion, while in general statistical independence determines all of the cross-
moments. These extra moment conditions allow us to identify the elements
of A uniquely. Since the multivariate Gaussian distribution is determined
by its second moments alone, it is the exception, and any Gaussian inde-
pendent components can be determined only up to a rotation, as before.
Hence identifiability problems in (14.78) and (14.80) can be avoided if we
assume that the Sℓ are independent and non-Gaussian.
Here we will discuss the full p-component model as in (14.78), where the

Sℓ are independent with unit variance; ICA versions of the factor analysis
model (14.80) exist as well. Our treatment is based on the survey article
by Hyvärinen and Oja (2000).
We wish to recover the mixing matrix A in X = AS. Without loss

of generality, we can assume that X has already been whitened to have
Cov(X) = I; this is typically achieved via the SVD described above. This
in turn implies that A is orthogonal, since S also has covariance I. So
solving the ICA problem amounts to finding an orthogonal A such that
the components of the vector random variable S = ATX are independent
(and non-Gaussian).
Figure 14.37 shows the power of ICA in separating two mixed signals.

This is an example of the classical cocktail party problem, where differ-
ent microphones Xj pick up mixtures of different independent sources Sℓ

(music, speech from different speakers, etc.). ICA is able to perform blind
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Source Signals Measured Signals

PCA Solution ICA Solution

FIGURE 14.37. Illustration of ICA vs. PCA on artificial time-series data. The
upper left panel shows the two source signals, measured at 1000 uniformly spaced
time points. The upper right panel shows the observed mixed signals. The lower
two panels show the principal components and independent component solutions.

source separation, by exploiting the independence and non-Gaussianity of
the original sources.
Many of the popular approaches to ICA are based on entropy. The dif-

ferential entropy H of a random variable Y with density g(y) is given by

H(Y ) = −
∫
g(y) log g(y)dy. (14.82)

A well-known result in information theory says that among all random
variables with equal variance, Gaussian variables have the maximum en-
tropy. Finally, the mutual information I(Y ) between the components of the
random vector Y is a natural measure of dependence:

I(Y ) =

p∑

j=1

H(Yj)−H(Y ). (14.83)

The quantity I(Y ) is called the Kullback–Leibler distance between the
density g(y) of Y and its independence version

∏p
j=1 gj(yj), where gj(yj)

is the marginal density of Yj . Now if X has covariance I, and Y = ATX
with A orthogonal, then it is easy to show that

I(Y ) =

p∑

j=1

H(Yj)−H(X)− log | detA| (14.84)

=

p∑

j=1

H(Yj)−H(X). (14.85)

Finding an A to minimize I(Y ) = I(ATX) looks for the orthogonal trans-
formation that leads to the most independence between its components. In
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FIGURE 14.38. Mixtures of independent uniform random variables. The upper
left panel shows 500 realizations from the two independent uniform sources, the
upper right panel their mixed versions. The lower two panels show the PCA and
ICA solutions, respectively.

light of (14.84) this is equivalent to minimizing the sum of the entropies of
the separate components of Y , which in turn amounts to maximizing their
departures from Gaussianity.
For convenience, rather than using the entropy H(Yj), Hyvärinen and

Oja (2000) use the negentropy measure J(Yj) defined by

J(Yj) = H(Zj)−H(Yj), (14.86)

where Zj is a Gaussian random variable with the same variance as Yj . Ne-
gentropy is non-negative, and measures the departure of Yj from Gaussian-
ity. They propose simple approximations to negentropy which can be com-
puted and optimized on data. The ICA solutions shown in Figures 14.37–
14.39 use the approximation

J(Yj) ≈ [EG(Yj)− EG(Zj)]
2, (14.87)

where G(u) = 1
a log cosh(au) for 1 ≤ a ≤ 2. When applied to a sample

of xi, the expectations are replaced by data averages. This is one of the
options in the FastICA software provided by these authors. More classical
(and less robust) measures are based on fourth moments, and hence look for
departures from the Gaussian via kurtosis. See Hyvärinen and Oja (2000)
for more details. In Section 14.7.4 we describe their approximate Newton
algorithm for finding the optimal directions.
In summary then, ICA applied to multivariate data looks for a sequence

of orthogonal projections such that the projected data look as far from
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FIGURE 14.39. A comparison of the first five ICA components computed using
FastICA (above diagonal) with the first five PCA components(below diagonal).
Each component is standardized to have unit variance.

Gaussian as possible. With pre-whitened data, this amounts to looking for
components that are as independent as possible.
ICA starts from essentially a factor analysis solution, and looks for rota-

tions that lead to independent components. From this point of view, ICA is
just another factor rotation method, along with the traditional “varimax”
and “quartimax” methods used in psychometrics.

Example: Handwritten Digits

We revisit the handwritten threes analyzed by PCA in Section 14.5.1. Fig-
ure 14.39 compares the first five (standardized) principal components with
the first five ICA components, all shown in the same standardized units.
Note that each plot is a two-dimensional projection from a 256-dimensional
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Mean ICA 1 ICA 2 ICA 3 ICA 4 ICA 5

FIGURE 14.40. The highlighted digits from Figure 14.39. By comparing with
the mean digits, we see the nature of the ICA component.

space. While the PCA components all appear to have joint Gaussian distri-
butions, the ICA components have long-tailed distributions. This is not too
surprising, since PCA focuses on variance, while ICA specifically looks for
non-Gaussian distributions. All the components have been standardized,
so we do not see the decreasing variances of the principal components.
For each ICA component we have highlighted two of the extreme digits,

as well as a pair of central digits and displayed them in Figure 14.40.
This illustrates the nature of each of the components. For example, ICA
component five picks up the long sweeping tailed threes.

Example: EEG Time Courses

ICA has become an important tool in the study of brain dynamics—the
example we present here uses ICA to untangle the components of signals
in multi-channel electroencephalographic (EEG) data (Onton and Makeig,
2006).
Subjects wear a cap embedded with a lattice of 100 EEG electrodes,

which record brain activity at different locations on the scalp. Figure 14.4111

(top panel) shows 15 seconds of output from a subset of nine of these elec-
trodes from a subject performing a standard “two-back” learning task over
a 30 minute period. The subject is presented with a letter (B, H, J, C, F, or
K) at roughly 1500-ms intervals, and responds by pressing one of two but-
tons to indicate whether the letter presented is the same or different from
that presented two steps back. Depending on the answer, the subject earns
or loses points, and occasionally earns bonus or loses penalty points. The
time-course data show spatial correlation in the EEG signals—the signals
of nearby sensors look very similar.
The key assumption here is that signals recorded at each scalp electrode

are a mixture of independent potentials arising from different cortical ac-

11Reprinted from Progress in Brain Research, Vol. 159, Julie Onton and Scott Makeig,

“Information based modeling of event-related brain dynamics,” Page 106 , Copyright
(2006), with permission from Elsevier. We thank Julie Onton and Scott Makeig for
supplying an electronic version of the image.
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tivities, as well as non-cortical artifact domains; see the reference for a
detailed overview of ICA in this domain.
The lower part of Figure 14.41 shows a selection of ICA components.

The colored images represent the estimated unmixing coefficient vectors âj
as heatmap images superimposed on the scalp, indicating the location of
activity. The corresponding time-courses show the activity of the learned
ICA components.
For example, the subject blinked after each performance feedback signal

(colored vertical lines), which accounts for the location and artifact signal
in IC1 and IC3. IC12 is an artifact associated with the cardiac pulse. IC4
and IC7 account for frontal theta-band activities, and appear after a stretch
of correct performance. See Onton and Makeig (2006) for a more detailed
discussion of this example, and the use of ICA in EEG modeling.

14.7.3 Exploratory Projection Pursuit

Friedman and Tukey (1974) proposed exploratory projection pursuit, a
graphical exploration technique for visualizing high-dimensional data. Their
view was that most low (one- or two-dimensional) projections of high-
dimensional data look Gaussian. Interesting structure, such as clusters or
long tails, would be revealed by non-Gaussian projections. They proposed
a number of projection indices for optimization, each focusing on a differ-
ent departure from Gaussianity. Since their initial proposal, a variety of
improvements have been suggested (Huber, 1985; Friedman, 1987), and a
variety of indices, including entropy, are implemented in the interactive
graphics package Xgobi (Swayne et al., 1991, now called GGobi). These
projection indices are exactly of the same form as J(Yj) above, where
Yj = aTj X, a normalized linear combination of the components of X. In
fact, some of the approximations and substitutions for cross-entropy coin-
cide with indices proposed for projection pursuit. Typically with projection
pursuit, the directions aj are not constrained to be orthogonal. Friedman
(1987) transforms the data to look Gaussian in the chosen projection, and
then searches for subsequent directions. Despite their different origins, ICA
and exploratory projection pursuit are quite similar, at least in the repre-
sentation described here.

14.7.4 A Direct Approach to ICA

Independent components have by definition a joint product density

fS(s) =

p∏

j=1

fj(sj), (14.88)

so here we present an approach that estimates this density directly us-
ing generalized additive models (Section 9.1). Full details can be found in
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FIGURE 14.41. Fifteen seconds of EEG data (of 1917 seconds) at nine (of
100) scalp channels (top panel), as well as nine ICA components (lower panel).
While nearby electrodes record nearly identical mixtures of brain and non-brain
activity, ICA components are temporally distinct. The colored scalps represent the
ICA unmixing coefficients âj as a heatmap, showing brain or scalp location of the
source.
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Hastie and Tibshirani (2003), and the method is implemented in the R
package ProDenICA, available from CRAN.
In the spirit of representing departures from Gaussianity, we represent

each fj as

fj(sj) = φ(sj)e
gj(sj), (14.89)

a tilted Gaussian density. Here φ is the standard Gaussian density, and
gj satisfies the normalization conditions required of a density. Assuming
as before that X is pre-whitened, the log-likelihood for the observed data
X = AS is

ℓ(A, {gj}p1;X) =
N∑

i=1

p∑

j=1

[
log φj(a

T
j xi) + gj(a

T
j xi
)
], (14.90)

which we wish to maximize subject to the constraints that A is orthogonal
and that the gj result in densities in (14.89). Without imposing any further
restrictions on gj , the model (14.90) is over-parametrized, so we instead
maximize a regularized version

p∑

j=1

[
1

N

N∑

i=1

[
log φ(aTj xi) + gj(a

T
j xi)

]
−
∫
φ(t)egj(t)dt− λj

∫
{g′′′j (t)}2(t)dt

]
.

(14.91)
We have subtracted two penalty terms (for each j) in (14.91), inspired by
Silverman (1986, Section 5.4.4):

• The first enforces the density constraint
∫
φ(t)eĝj(t)dt = 1 on any

solution ĝj .

• The second is a roughness penalty, which guarantees that the solution
ĝj is a quartic-spline with knots at the observed values of sij = aTj xi.

It can further be shown that the solution densities f̂j = φeĝj each have
mean zero and variance one (Exercise 14.18). As we increase λj , these
solutions approach the standard Gaussian φ.

Algorithm 14.3 Product Density ICA Algorithm: ProDenICA

1. Initialize A (random Gaussian matrix followed by orthogonalization).

2. Alternate until convergence of A:

(a) Given A, optimize (14.91) w.r.t. gj (separately for each j).

(b) Given gj , j = 1, . . . , p, perform one step of a fixed point algo-
rithm towards finding the optimal A.

We fit the functions gj and directions aj by optimizing (14.91) in an
alternating fashion, as described in Algorithm 14.3.



568 14. Unsupervised Learning

Step 2(a) amounts to a semi-parametric density estimation, which can
be solved using a novel application of generalized additive models. For
convenience we extract one of the p separate problems,

1

N

N∑

i=1

[log φ(si) + g(si)]−
∫
φ(t)eg(t)dt− λ

∫
{g′′′(t)}2(t)dt. (14.92)

Although the second integral in (14.92) leads to a smoothing spline, the
first integral is problematic, and requires an approximation. We construct
a fine grid of L values s∗ℓ in increments ∆ covering the observed values si,
and count the number of si in the resulting bins:

y∗ℓ =
#si ∈ (s∗ℓ −∆/2, s∗ℓ +∆/2)

N
. (14.93)

Typically we pick L to be 1000, which is more than adequate. We can then
approximate (14.92) by

L∑

ℓ=1

{
y∗i [log(φ(s

∗
ℓ )) + g(s∗ℓ )]−∆φ(s∗ℓ )e

g(s∗ℓ )
}
− λ

∫
g′′′

2
(s)ds. (14.94)

This last expression can be seen to be proportional to a penalized Poisson
log-likelihood with response y∗ℓ /∆ and penalty parameter λ/∆, and mean
µ(s) = φ(s)eg(s). This is a generalized additive spline model (Hastie and
Tibshirani, 1990; Efron and Tibshirani, 1996), with an offset term log φ(s),
and can be fit using a Newton algorithm in O(L) operations. Although
a quartic spline is called for, we find in practice that a cubic spline is
adequate. We have p tuning parameters λj to set; in practice we make
them all the same, and specify the amount of smoothing via the effective
degrees-of-freedom df(λ). Our software uses 5df as a default value.
Step 2(b) in Algorithm 14.3 requires optimizing (14.92) with respect to

A, holding the ĝj fixed. Only the first terms in the sum involve A, and
since A is orthogonal, the collection of terms involving φ do not depend on
A (Exercise 14.19). Hence we need to maximize

C(A) =
1

N

p∑

j=1

N∑

i=1

ĝj(a
T
j xi) (14.95)

=

p∑

j=1

Cj(aj)

C(A) is a log-likelihood ratio between the fitted density and a Gaussian,
and can be seen as an estimate of negentropy (14.86), with each ĝj a con-
trast function as in (14.87). The fixed point update in step 2(b) is a modified
Newton step (Exercise 14.20)
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1. For each j update

aj ← E
{
Xĝ′j(a

T
j X)− E[ĝ′′j (a

T
j X)]aj

}
, (14.96)

where E represents expectation w.r.t the sample xi. Since ĝj is a fitted
quartic (or cubic) spline, the first and second derivatives are readily
available.

2. Orthogonalize A using the symmetric square-root transformation
(AAT )−

1
2A. If A = UDVT is the SVD of A, it is easy to show that

this leads to the update A← UVT .

Our ProDenICA algorithm works as well as FastICA on the artificial time
series data of Figure 14.37, the mixture of uniforms data of Figure 14.38,
and the digit data in Figure 14.39.

Example: Simulations
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FIGURE 14.42. The left panel shows 18 distributions used for comparisons.
These include the “t”, uniform, exponential, mixtures of exponentials, symmetric
and asymmetric Gaussian mixtures. The right panel shows (on the log scale)
the average Amari metric for each method and each distribution, based on 30
simulations in IR2 for each distribution.

Figure 14.42 shows the results of a simulation comparing ProDenICA to
FastICA, and another semi-parametric competitor KernelICA (Bach and
Jordan, 2002). The left panel shows the 18 distributions used as a basis
of comparison. For each distribution, we generated a pair of independent
components (N = 1024), and a random mixing matrix in IR2 with condition
number between 1 and 2. We used our R implementations of FastICA, using
the negentropy criterion (14.87), and ProDenICA. For KernelICA we used
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the authors MATLAB code.12 Since the search criteria are nonconvex, we
used five random starts for each method. Each of the algorithms delivers
an orthogonal mixing matrix A (the data were pre-whitened), which is
available for comparison with the generating orthogonalized mixing matrix
A0. We used the Amari metric (Bach and Jordan, 2002) as a measure of
the closeness of the two frames:

d(A0,A) =
1

2p

p∑

i=1

(∑p
j=1 |rij |

maxj |rij |
− 1

)
+

1

2p

p∑

j=1

(∑p
i=1 |rij |

maxi |rij |
− 1

)
, (14.97)

where rij = (AoA
−1)ij . The right panel in Figure 14.42 compares the

averages (on the log scale) of the Amari metric between the truth and the
estimated mixing matrices. ProDenICA is competitive with FastICA and
KernelICA in all situations, and dominates most of the mixture simulations.

14.8 Multidimensional Scaling

Both self-organizing maps and principal curves and surfaces map data
points in IRp to a lower-dimensional manifold. Multidimensional scaling
(MDS) has a similar goal, but approaches the problem in a somewhat dif-
ferent way.
We start with observations x1, x2, . . . , xN ∈ IRp, and let dij be the dis-

tance between observations i and j. Often we choose Euclidean distance
dij = ||xi − xj ||, but other distances may be used. Further, in some ap-
plications we may not even have available the data points xi, but only
have some dissimilarity measure dij (see Section 14.3.10). For example, in
a wine tasting experiment, dij might be a measure of how different a sub-
ject judged wines i and j, and the subject provides such a measure for all
pairs of wines i, j. MDS requires only the dissimilarities dij , in contrast to
the SOM and principal curves and surfaces which need the data points xi.
Multidimensional scaling seeks values z1, z2, . . . , zN ∈ IRk to minimize

the so-called stress function13

SM (z1, z2, . . . , zN ) =
∑

i6=i′

(dii′ − ||zi − zi′ ||)2. (14.98)

This is known as least squares or Kruskal–Shephard scaling. The idea is
to find a lower-dimensional representation of the data that preserves the
pairwise distances as well as possible. Notice that the approximation is

12Francis Bach kindly supplied this code, and helped us set up the simulations.
13Some authors define stress as the square-root of SM ; since it does not affect the

optimization, we leave it squared to make comparisons with other criteria simpler.
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in terms of the distances rather than squared distances (which results in
slightly messier algebra). A gradient descent algorithm is used to minimize
SM .
A variation on least squares scaling is the so-called Sammon mapping

which minimizes

SSm(z1, z2, . . . , zN ) =
∑

i6=i′

(dii′ − ||zi − zi′ ||)2
dii′

. (14.99)

Here more emphasis is put on preserving smaller pairwise distances.
In classical scaling, we instead start with similarities sii′ : often we use

the centered inner product sii′ = 〈xi − x̄, xi′ − x̄〉. The problem then is to
minimize

SC(z1, z2, . . . , zN ) =
∑

i,i′

(sii′ − 〈zi − z̄, zi′ − z̄〉)2 (14.100)

over z1, z2, . . . , zN ∈ IRk. This is attractive because there is an explicit
solution in terms of eigenvectors: see Exercise 14.11. If we have distances
rather than inner-products, we can convert them to centered inner-products
if the distances are Euclidean;14 see (18.31) on page 671 in Chapter 18.
If the similarities are in fact centered inner-products, classical scaling is
exactly equivalent to principal components, an inherently linear dimension-
reduction technique. Classical scaling is not equivalent to least squares
scaling; the loss functions are different, and the mapping can be nonlinear.
Least squares and classical scaling are referred to as metric scaling meth-

ods, in the sense that the actual dissimilarities or similarities are approx-
imated. Shephard–Kruskal nonmetric scaling effectively uses only ranks.
Nonmetric scaling seeks to minimize the stress function

SNM(z1, z2, . . . , zN ) =

∑
i6=i′

[
||zi − zi′ || − θ(dii′)

]2
∑

i6=i′ ||zi − zi′ ||2
(14.101)

over the zi and an arbitrary increasing function θ. With θ fixed, we min-
imize over zi by gradient descent. With the zi fixed, the method of iso-
tonic regression is used to find the best monotonic approximation θ(dii′)
to ||zi − zi′ ||. These steps are iterated until the solutions stabilize.
Like the self-organizing map and principal surfaces, multidimensional

scaling represents high-dimensional data in a low-dimensional coordinate
system. Principal surfaces and SOMs go a step further, and approximate
the original data by a low-dimensional manifold, parametrized in the low
dimensional coordinate system. In a principal surface and SOM, points

14An N × N distance matrix is Euclidean if the entries represent pairwise Euclidean
distances between N points in some dimensional space.
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FIGURE 14.43. First two coordinates for half-sphere data, from classical multi-
dimensional scaling.

close together in the original feature space should map close together on
the manifold, but points far apart in feature space might also map close
together. This is less likely in multidimensional scaling since it explicitly
tries to preserve all pairwise distances.
Figure 14.43 shows the first two MDS coordinates from classical scaling

for the half-sphere example. There is clear separation of the clusters, and
the tighter nature of the red cluster is apparent.

14.9 Nonlinear Dimension Reduction and Local
Multidimensional Scaling

Several methods have been recently proposed for nonlinear dimension re-
duction, similar in spirit to principal surfaces. The idea is that the data lie
close to an intrinsically low-dimensional nonlinear manifold embedded in a
high-dimensional space. These methods can be thought of as “flattening”
the manifold, and hence reducing the data to a set of low-dimensional co-
ordinates that represent their relative positions in the manifold. They are
useful for problems where signal-to-noise ratio is very high (e.g., physical
systems), and are probably not as useful for observational data with lower
signal-to-noise ratios.
The basic goal is illustrated in the left panel of Figure 14.44. The data

lie near a parabola with substantial curvature. Classical MDS does not pre-
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FIGURE 14.44. The orange points show data lying on a parabola, while the blue
points shows multidimensional scaling representations in one dimension. Classical
multidimensional scaling (left panel) does not preserve the ordering of the points
along the curve, because it judges points on opposite ends of the curve to be close
together. In contrast, local multidimensional scaling (right panel) does a good job
of preserving the ordering of the points along the curve.

serve the ordering of the points along the curve, because it judges points
on opposite ends of the curve to be close together. The right panel shows
the results of local multi-dimensional scaling, one of the three methods for
non-linear multi-dimensional scaling that we discuss below. These meth-
ods use only the coordinates of the points in p dimensions, and have no
other information about the manifold. Local MDS has done a good job of
preserving the ordering of the points along the curve.
We now briefly describe three new approaches to nonlinear dimension

reduction and manifold mapping.
Isometric feature mapping (ISOMAP) (Tenenbaum et al., 2000) con-

structs a graph to approximate the geodesic distance between points along
the manifold. Specifically, for each data point we find its neighbors—points
within some small Euclidean distance of that point. We construct a graph
with an edge between any two neighboring points. The geodesic distance
between any two points is then approximated by the shortest path be-
tween points on the graph. Finally, classical scaling is applied to the graph
distances, to produce a low-dimensional mapping.
Local linear embedding (Roweis and Saul, 2000) takes a very different ap-

proach, trying to preserve the local affine structure of the high-dimensional
data. Each data point is approximated by a linear combination of neigh-
boring points. Then a lower dimensional representation is constructed that
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best preserves these local approximations. The details are interesting, so
we give them here.

1. For each data point xi in p dimensions, we find its K-nearest neigh-
bors N (i) in Euclidean distance.

2. We approximate each point by an affine mixture of the points in its
neighborhood:

min
Wik

||xi −
∑

k∈N (i)

wikxk||2 (14.102)

over weights wik satisfying wik = 0, k /∈ N (i),
∑N

k=1 wik = 1. wik

is the contribution of point k to the reconstruction of point i. Note
that for a hope of a unique solution, we must have K < p.

3. Finally, we find points yi in a space of dimension d < p to minimize

N∑

i=1

||yi −
N∑

k=1

wikyk||2 (14.103)

with wik fixed.

In step 3, we minimize

tr[(Y −WY)T (Y −WY)] = tr[YT (I−W)T (I−W)Y] (14.104)

where W is N × N ; Y is N × d, for some small d < p. The solutions Ŷ

are the trailing eigenvectors of M = (I−W)T (I−W). Since 1 is a trivial
eigenvector with eigenvalue 0, we discard it and keep the next d. This has
the side effect that 1TY = 0, and hence the embedding coordinates are
mean centered.
Local MDS (Chen and Buja, 2008) takes the simplest and arguably the

most direct approach. We define N to be the symmetric set of nearby pairs
of points; specifically a pair (i, i′) is in N if point i is among the K-nearest
neighbors of i′, or vice-versa. Then we construct the stress function

SL(z1, z2, . . . , zN ) =
∑

(i,i′)∈N

(dii′ − ||zi − zi′ ||)2

+
∑

(i,i′)/∈N

w · (D − ||zi − zi′ ||)2. (14.105)

Here D is some large constant and w is a weight. The idea is that points
that are not neighbors are considered to be very far apart; such pairs are
given a small weight w so that they don’t dominate the overall stress func-
tion. To simplify the expression, we take w ∼ 1/D, and let D → ∞.
Expanding (14.105), this gives
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FIGURE 14.45. Images of faces mapped into the embedding space described by
the first two coordinates of LLE. Next to the circled points, representative faces
are shown in different parts of the space. The images at the bottom of the plot
correspond to points along the top right path (linked by solid line), and illustrate
one particular mode of variability in pose and expression.
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SL(z1, z2, . . . , zN ) =
∑

(i,i′)∈N

(dii′ − ||zi − zi′ ||)2 − τ
∑

(i,i′)/∈N

||zi − zi′ ||,

(14.106)
where τ = 2wD. The first term in (14.106) tries to preserve local structure
in the data, while the second term encourages the representations zi, zi′

for pairs (i, i′) that are non-neighbors to be farther apart. Local MDS
minimizes the stress function (14.106) over zi, for fixed values of the number
of neighbors K and the tuning parameter τ .

The right panel of Figure 14.44 shows the result of local MDS, using k = 2
neighbors and τ = 0.01. We used coordinate descent with multiple starting
values to find a good minimum of the (nonconvex) stress function (14.106).
The ordering of the points along the curve has been largely preserved,

Figure 14.45 shows a more interesting application of one of these meth-
ods (LLE)15. The data consist of 1965 photographs, digitized as 20 × 28
grayscale images. The result of the first two-coordinates of LLE are shown
and reveal some variability in pose and expression. Similar pictures were
produced by local MDS.
In experiments reported in Chen and Buja (2008), local MDS shows su-

perior performance, as compared to ISOMAP and LLE. They also demon-
strate the usefulness of local MDS for graph layout. There are also close
connections between the methods discussed here, spectral clustering (Sec-
tion 14.5.3) and kernel PCA (Section 14.5.4).

14.10 The Google PageRank Algorithm

In this section we give a brief description of the original PageRank algo-
rithm used by the Google search engine, an interesting recent application
of unsupervised learning methods.
We suppose that we have N web pages and wish to rank them in terms

of importance. For example, the N pages might all contain a string match
to “statistical learning” and we might wish to rank the pages in terms of
their likely relevance to a websurfer.
The PageRank algorithm considers a webpage to be important if many

other webpages point to it. However the linking webpages that point to a
given page are not treated equally: the algorithm also takes into account
both the importance (PageRank) of the linking pages and the number of
outgoing links that they have. Linking pages with higher PageRank are
given more weight, while pages with more outgoing links are given less
weight. These ideas lead to a recursive definition for PageRank, detailed
next.

15Sam Roweis and Lawrence Saul kindly provided this figure.
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Let Lij = 1 if page j points to page i, and zero otherwise. Let cj =∑N
i=1 Lij equal the number of pages pointed to by page j (number of out-

links). Then the Google PageRanks pi are defined by the recursive rela-
tionship

pi = (1− d) + d

N∑

j=1

(Lij

cj

)
pj (14.107)

where d is a positive constant (apparently set to 0.85).
The idea is that the importance of page i is the sum of the importances of

pages that point to that page. The sums are weighted by 1/cj , that is, each
page distributes a total vote of 1 to other pages. The constant d ensures
that each page gets a PageRank of at least 1− d. In matrix notation

p = (1− d)e+ d · LD−1
c p (14.108)

where e is a vector of N ones and Dc = diag(c) is a diagonal matrix with
diagonal elements cj . Introducing the normalization eTp = N (i.e., the
average PageRank is 1), we can write (14.108) as

p =
[
(1− d)eeT /N + dLD−1

c

]
p

= Ap (14.109)

where the matrix A is the expression in square braces.
Exploiting a connection with Markov chains (see below), it can be shown

that the matrix A has a real eigenvalue equal to one, and one is its largest
eigenvalue. This means that we can find p̂ by the power method: starting
with some p = p0 we iterate

pk ← Apk−1; pk ← N
pk

eTpk
. (14.110)

The fixed points p̂ are the desired PageRanks.
In the original paper of Page et al. (1998), the authors considered PageR-

ank as a model of user behavior, where a random web surfer clicks on links
at random, without regard to content. The surfer does a random walk on
the web, choosing among available outgoing links at random. The factor
1− d is the probability that he does not click on a link, but jumps instead
to a random webpage.
Some descriptions of PageRank have (1− d)/N as the first term in def-

inition (14.107), which would better coincide with the random surfer in-
terpretation. Then the page rank solution (divided by N) is the stationary
distribution of an irreducible, aperiodic Markov chain over the N webpages.
Definition (14.107) also corresponds to an irreducible, aperiodic Markov

chain, with different transition probabilities than those from he (1− d)/N
version. Viewing PageRank as a Markov chain makes clear why the matrix
A has a maximal real eigenvalue of 1. Since A has positive entries with



578 14. Unsupervised Learning

Page 2

Page 3

Page 4

Page 1

FIGURE 14.46. PageRank algorithm: example of a small network

each column summing to one, Markov chain theory tells us that it has a
unique eigenvector with eigenvalue one, corresponding to the stationary
distribution of the chain (Bremaud, 1999).
A small network is shown for illustration in Figure 14.46. The link matrix

is

L =




0 0 1 0
1 0 0 0
1 1 0 1
0 0 0 0


 (14.111)

and the number of outlinks is c = (2, 1, 1, 1).
The PageRank solution is p̂ = (1.49, 0.78, 1.58, 0.15). Notice that page 4

has no incoming links, and hence gets the minimum PageRank of 0.15.
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There are many books on clustering, including Hartigan (1975), Gordon
(1999) and Kaufman and Rousseeuw (1990). K-means clustering goes back
at least to Lloyd (1957), Forgy (1965), Jancey (1966) and MacQueen (1967).
Applications in engineering, especially in image compression via vector
quantization, can be found in Gersho and Gray (1992). The k-medoid pro-
cedure is described in Kaufman and Rousseeuw (1990). Association rules
are outlined in Agrawal et al. (1995). The self-organizing map was proposed
by Kohonen (1989) and Kohonen (1990); Kohonen et al. (2000) give a more
recent account. Principal components analysis and multidimensional scal-
ing are described in standard books on multivariate analysis, for example,
Mardia et al. (1979). Buja et al. (2008) have implemented a powerful en-
vironment called Ggvis for multidimensional scaling, and the user manual
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contains a lucid overview of the subject. Figures 14.17, 14.21 (left panel)
and 14.28 (left panel) were produced in Xgobi, a multidimensional data
visualization package by the same authors. GGobi is a more recent im-
plementation (Cook and Swayne, 2007). Goodall (1991) gives a technical
overview of Procrustes methods in statistics, and Ramsay and Silverman
(1997) discuss the shape registration problem. Principal curves and surfaces
were proposed in Hastie (1984) and Hastie and Stuetzle (1989). The idea of
principal points was formulated in Flury (1990), Tarpey and Flury (1996)
give an exposition of the general concept of self-consistency. An excellent
tutorial on spectral clustering can be found in von Luxburg (2007); this was
the main source for Section 14.5.3. Luxborg credits Donath and Hoffman
(1973) and Fiedler (1973) with the earliest work on the subject. A history
of spectral clustering my be found in Spielman and Teng (1996). Indepen-
dent component analysis was proposed by Comon (1994), with subsequent
developments by Bell and Sejnowski (1995); our treatment in Section 14.7
is based on Hyvärinen and Oja (2000). Projection pursuit was proposed by
Friedman and Tukey (1974), and is discussed in detail in Huber (1985). A
dynamic projection pursuit algorithm is implemented in GGobi.

Exercises

Ex. 14.1 Weights for clustering. Show that weighted Euclidean distance

d(w)
e (xi, xi′) =

∑p
l=1 wl(xil − xi′l)2∑p

l=1 wl

satisfies

d(w)
e (xi, xi′) = de(zi, zi′) =

p∑

l=1

(zil − zi′l)2, (14.112)

where

zil = xil ·
(

wl∑p
l=1 wl

)1/2

. (14.113)

Thus weighted Euclidean distance based on x is equivalent to unweighted
Euclidean distance based on z.

Ex. 14.2 Consider a mixture model density in p-dimensional feature space,

g(x) =

K∑

k=1

πkgk(x), (14.114)

where gk = N(µk,L·σ2) and πk ≥ 0 ∀k with
∑

k πk = 1. Here {µk, πk}, k =
1, . . . ,K and σ2 are unknown parameters.
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Suppose we have data x1, x2, . . . , xN ∼ g(x) and we wish to fit the mix-
ture model.

1. Write down the log-likelihood of the data

2. Derive an EM algorithm for computing the maximum likelihood es-
timates (see Section 8.1).

3. Show that if σ has a known value in the mixture model and we take
σ → 0, then in a sense this EM algorithm coincides with K-means
clustering.

Ex. 14.3 In Section 14.2.6 we discuss the use of CART or PRIM for con-
structing generalized association rules. Show that a problem occurs with ei-
ther of these methods when we generate the random data from the product-
marginal distribution; i.e., by randomly permuting the values for each of
the variables. Propose ways to overcome this problem.

Ex. 14.4 Cluster the demographic data of Table 14.1 using a classification
tree. Specifically, generate a reference sample of the same size of the train-
ing set, by randomly permuting the values within each feature. Build a
classification tree to the training sample (class 1) and the reference sample
(class 0) and describe the terminal nodes having highest estimated class 1
probability. Compare the results to the PRIM results near Table 14.1 and
also to the results of K-means clustering applied to the same data.

Ex. 14.5 Generate data with three features, with 30 data points in each of
three classes as follows:

θ1 = U(−π/8, π/8)
φ1 = U(0, 2π)
x1 = sin(θ1) cos(φ1) +W11

y1 = sin(θ1) sin(φ1) +W12

z1 = cos(θ1) +W13

θ2 = U(π/2− π/4, π/2 + π/4)
φ2 = U(−π/4, π/4)
x2 = sin(θ2) cos(φ2) +W21

y2 = sin(θ2) sin(φ2) +W22

z2 = cos(θ2) +W23

θ3 = U(π/2− π/4, π/2 + π/4)
φ3 = U(π/2− π/4, π/2 + π/4)
x3 = sin(θ3) cos(φ3) +W31

y3 = sin(θ3) sin(φ3) +W32

z3 = cos(θ3) +W33

Here U(a, b) indicates a uniform variate on the range [a, b] and Wjk are
independent normal variates with standard deviation 0.6. Hence the data
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lie near the surface of a sphere in three clusters centered at (1, 0, 0), (0, 1, 0)
and (0, 0, 1).
Write a program to fit a SOM to these data, using the learning rates

given in the text. Carry out a K-means clustering of the same data, and
compare the results to those in the text.

Ex. 14.6 Write programs to implement K-means clustering and a self-
organizing map (SOM), with the prototype lying on a two-dimensional
grid. Apply them to the columns of the human tumor microarray data, us-
ing K = 2, 5, 10, 20 centroids for both. Demonstrate that as the size of the
SOM neighborhood is taken to be smaller and smaller, the SOM solution
becomes more similar to the K-means solution.

Ex. 14.7 Derive (14.51) and (14.52) in Section 14.5.1. Show that µ̂ is not
unique, and characterize the family of equivalent solutions.

Ex. 14.8 Derive the solution (14.57) to the Procrustes problem (14.56).
Derive also the solution to the Procrustes problem with scaling (14.58).

Ex. 14.9 Write an algorithm to solve

min
{βℓ,Rℓ}L

1 ,M

L∑

ℓ=1

||XℓRℓ −M||2F . (14.115)

Apply it to the three S’s, and compare the results to those shown in Fig-
ure 14.26.

Ex. 14.10 Derive the solution to the affine-invariant average problem (14.60).
Apply it to the three S’s, and compare the results to those computed in
Exercise 14.9.

Ex. 14.11 Classical multidimensional scaling. Let S be the centered in-
ner product matrix with elements 〈xi − x̄, xj − x̄〉. Let λ1 > λ2 > · · · >
λk be the k largest eigenvalues of S, with associated eigenvectors Ek =
(e1, e2, . . . , ek). Let Dk be a diagonal matrix with diagonal entries

√
λ1,√

λ2, . . . ,
√
λk. Show that the solutions zi to the classical scaling problem

(14.100) are the rows of EkDk.

Ex. 14.12 Consider the sparse PCA criterion (14.71).

1. Show that with Θ fixed, solving for V amounts to K separate elastic-
net regression problems, with responses the K elements of ΘTxi.

2. Show that with V fixed, solving for Θ amounts to a reduced-rank
version of the Procrustes problem, which reduces to

max
Θ

trace(ΘTM) subject to ΘTΘ = IK , (14.116)

where M and Θ are both p ×K with K ≤ p. If M = UDQT is the
SVD of M, show that the optimal Θ = UQT .
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Ex. 14.13 Generate 200 data points with three features, lying close to a
helix. In detail, define X1 = cos(s) + 0.1 · Z1, X2 = sin(s) + 0.1 · Z2, X3 =
s+ 0.1 · Z3 where s takes on 200 equally spaced values between 0 and 2π,
and Z1, Z2, Z3 are independent and have standard Gaussian distributions.

(a) Fit a principal curve to the data and plot the estimated coordinate
functions. Compare them to the underlying functions cos(s), sin(s)
and s.

(b) Fit a self-organizing map to the same data, and see if you can discover
the helical shape of the original point cloud.

Ex. 14.14 Pre- and post-multiply equation (14.81) by a diagonal matrix
containing the inverse variances of the Xj . Hence obtain an equivalent
decomposition for the correlation matrix, in the sense that a simple scaling
is applied to the matrix A.

Ex. 14.15 Generate 200 observations of three variates X1, X2, X3 according
to

X1 ∼ Z1

X2 = X1 + 0.001 · Z2

X3 = 10 · Z3 (14.117)

where Z1, Z2, Z3 are independent standard normal variates. Compute the
leading principal component and factor analysis directions. Hence show
that the leading principal component aligns itself in the maximal variance
direction X3, while the leading factor essentially ignores the uncorrelated
component X3, and picks up the correlated component X2 +X1 (Geoffrey
Hinton, personal communication).

Ex. 14.16 Consider the kernel principal component procedure outlined in
Section 14.5.4. Argue that the number M of principal components is equal
to the rank of K, which is the number of non-zero elements in D. Show
that the mth component zm (mth column of Z) can be written (up to

centering) as zim =
∑N

j=1 αjmK(xi, xj), where αjm = ujm/dm. Show that
the mapping of a new observation x0 to the mth component is given by
z0m =

∑N
j=1 αjmK(x0, xj).

Ex. 14.17 Show that with g1(x) =
∑N

j=1 cjK(x, xj), the solution to (14.66)
is given by ĉj = uj1/d1, where u1 is the first column of U in (14.65), and
d1 the first diagonal element of D. Show that the second and subsequent
principal component functions are defined in a similar manner (hint: see
Section 5.8.1.)

Ex. 14.18 Consider the regularized log-likelihood for the density estimation
problem arising in ICA,
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1

N

N∑

i=1

[log φ(si) + g(si)]−
∫
φ(t)eg(t)dt− λ

∫
{g′′′(t)}2(t)dt. (14.118)

The solution ĝ is a quartic smoothing spline, and can be written as ĝ(s) =
q̂(s) + q̂⊥(s), where q is a quadratic function (in the null space of the
penalty). Let q(s) = θ0 + θ1s+ θ2s

2. By examining the stationarity condi-

tions for θ̂k, k = 1, 2, 3, show that the solution f̂ = φeĝ is a density, and
has mean zero and variance one. If we used a second-derivative penalty∫
{g′′(t)}2(t)dt instead, what simple modification could we make to the

problem to maintain the three moment conditions?

Ex. 14.19 If A is p × p orthogonal, show that the first term in (14.92) on
page 568

p∑

j=1

N∑

i=1

log φ(aTj xi),

with aj the jth column of A, does not depend on A.

Ex. 14.20 Fixed point algorithm for ICA (Hyvärinen et al., 2001). Consider
maximizing C(a) = E{g(aTX)} with respect to a, with ||a|| = 1 and
Cov(X) = I. Use a Lagrange multiplier to enforce the norm constraint,
and write down the first two derivatives of the modified criterion. Use the
approximation

E{XXT g′′(aTX)} ≈ E{XXT }E{g′′(aTX)}

to show that the Newton update can be written as the fixed-point update
(14.96).

Ex. 14.21 Consider an undirected graph with non-negative edge weights
wii′ and graph Laplacian L. Suppose there are m connected components
A1, A2, . . . , Am in the graph. Show that there arem eigenvectors of L corre-
sponding to eigenvalue zero, and the indicator vectors of these components
IA1

, IA2
, . . . , IAm

span the zero eigenspace.

Ex. 14.22

(a) Show that definition (14.108) implies that the sum of the PageRanks
pi is N , the number of web pages.

(b) Write a program to compute the PageRank solutions by the power
method using formulation (14.107). Apply it to the network of Fig-
ure 14.47.

Ex. 14.23 Algorithm for non-negative matrix factorization (Wu and Lange,
2007). A function g(x, y) to said to minorize a function f(x) if
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FIGURE 14.47. Example of a small network.

g(x, y) ≤ f(x), g(x, x) = f(x) (14.119)

for all x, y in the domain. This is useful for maximizing f(x) since it is easy
to show that f(x) is nondecreasing under the update

xs+1 = argmaxxg(x, x
s) (14.120)

There are analogous definitions for majorization, for minimizing a function
f(x). The resulting algorithms are known as MM algorithms, for “minorize-
maximize” or “majorize-minimize” (Lange, 2004). It also can be shown
that the EM algorithm (8.5) is an example of an MM algorithm: see Sec-
tion 8.5.3 and Exercise 8.2 for details.

(a) Consider maximization of the function L(W,H) in (14.73), written
here without the matrix notation

L(W,H) =

N∑

i=1

p∑

j=1

[
xij log

(
r∑

k=1

wikhkj

)
−

r∑

k=1

wikhkj

]
.

Using the concavity of log(x), show that for any set of r values yk ≥ 0
and 0 ≤ ck ≤ 1 with

∑r
k=1 ck = 1,

log

(
r∑

k=1

yk

)
≥

r∑

k=1

ck log(yk/ck)

Hence

log

(
r∑

k=1

wikhkj

)
≥

r∑

k=1

asikj
bsij

log

(
bsij
asikj

wikhkj

)
,

where

asikj = ws
ikh

s
kj and bsij =

r∑

k=1

ws
ikh

s
kj ,

and s indicates the current iteration.
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(b) Hence show that, ignoring constants, the function

g(W,H |Ws,Hs) =

N∑

i=1

p∑

j=1

r∑

k=1

uij
asikj
bsij

(
logwik + log hkj

)

−
N∑

i=1

p∑

j=1

r∑

k=1

wikhkj

minorizes L(W,H).

(c) Set the partial derivatives of g(W,H | Ws,Hs) to zero and hence
derive the updating steps (14.74).

Ex. 14.24 Consider the non-negative matrix factorization (14.72) in the
rank one case (r = 1).

(a) Show that the updates (14.74) reduce to

wi ← wi

∑p
j=1 xij∑p

j=1 wihj

hj ← hj

∑N
i=1 xij∑N

i=1 wihj

(14.121)

where wi = wi1, hj = h1j . This is an example of the iterative pro-
portional scaling procedure, applied to the independence model for a
two-way contingency table (Fienberg, 1977, for example).

(b) Show that the final iterates have the explicit form

wi = c ·
∑p

j=1 xij∑N
i=1

∑p
j=1 xij

, hk =
1

c
·

∑N
i=1 xik∑N

i=1

∑p
j=1 xij

(14.122)

for any constant c > 0. These are equivalent to the usual row and
column estimates for a two-way independence model.

Ex. 14.25 Fit a non-negative matrix factorization model to the collection
of two’s in the digits database. Use 25 basis elements, and compare with a
24- component (plus mean) PCA model. In both cases display the W and
H matrices as in Figure 14.33.
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15
Random Forests

15.1 Introduction

Bagging or bootstrap aggregation (section 8.7) is a technique for reducing
the variance of an estimated prediction function. Bagging seems to work
especially well for high-variance, low-bias procedures, such as trees. For
regression, we simply fit the same regression tree many times to bootstrap-
sampled versions of the training data, and average the result. For classifi-
cation, a committee of trees each cast a vote for the predicted class.
Boosting in Chapter 10 was initially proposed as a committee method as

well, although unlike bagging, the committee of weak learners evolves over
time, and the members cast a weighted vote. Boosting appears to dominate
bagging on most problems, and became the preferred choice.
Random forests (Breiman, 2001) is a substantial modification of bagging

that builds a large collection of de-correlated trees, and then averages them.
On many problems the performance of random forests is very similar to
boosting, and they are simpler to train and tune. As a consequence, random
forests are popular, and are implemented in a variety of packages.

15.2 Definition of Random Forests

The essential idea in bagging (Section 8.7) is to average many noisy but
approximately unbiased models, and hence reduce the variance. Trees are
ideal candidates for bagging, since they can capture complex interaction
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Algorithm 15.1 Random Forest for Regression or Classification.

1. For b = 1 to B:

(a) Draw a bootstrap sample Z∗ of size N from the training data.

(b) Grow a random-forest tree Tb to the bootstrapped data, by re-
cursively repeating the following steps for each terminal node of
the tree, until the minimum node size nmin is reached.

i. Select m variables at random from the p variables.

ii. Pick the best variable/split-point among the m.

iii. Split the node into two daughter nodes.

2. Output the ensemble of trees {Tb}B1 .

To make a prediction at a new point x:

Regression: f̂Brf (x) =
1
B

∑B
b=1 Tb(x).

Classification: Let Ĉb(x) be the class prediction of the bth random-forest
tree. Then ĈB

rf (x) = majority vote {Ĉb(x)}B1 .

structures in the data, and if grown sufficiently deep, have relatively low
bias. Since trees are notoriously noisy, they benefit greatly from the averag-
ing. Moreover, since each tree generated in bagging is identically distributed
(i.d.), the expectation of an average of B such trees is the same as the ex-
pectation of any one of them. This means the bias of bagged trees is the
same as that of the individual trees, and the only hope of improvement is
through variance reduction. This is in contrast to boosting, where the trees
are grown in an adaptive way to remove bias, and hence are not i.d.
An average of B i.i.d. random variables, each with variance σ2, has vari-

ance 1
Bσ

2. If the variables are simply i.d. (identically distributed, but not
necessarily independent) with positive pairwise correlation ρ, the variance
of the average is (Exercise 15.1)

ρσ2 +
1− ρ
B

σ2. (15.1)

As B increases, the second term disappears, but the first remains, and
hence the size of the correlation of pairs of bagged trees limits the benefits
of averaging. The idea in random forests (Algorithm 15.1) is to improve
the variance reduction of bagging by reducing the correlation between the
trees, without increasing the variance too much. This is achieved in the
tree-growing process through random selection of the input variables.
Specifically, when growing a tree on a bootstrapped dataset:

Before each split, select m ≤ p of the input variables at random
as candidates for splitting.
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Typically values for m are
√
p or even as low as 1.

After B such trees {T (x; Θb)}B1 are grown, the random forest (regression)
predictor is

f̂Brf (x) =
1

B

B∑

b=1

T (x; Θb). (15.2)

As in Section 10.9 (page 356), Θb characterizes the bth random forest tree in
terms of split variables, cutpoints at each node, and terminal-node values.
Intuitively, reducing m will reduce the correlation between any pair of trees
in the ensemble, and hence by (15.1) reduce the variance of the average.
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FIGURE 15.1. Bagging, random forest, and gradient boosting, applied to the
spam data. For boosting, 5-node trees were used, and the number of trees were
chosen by 10-fold cross-validation (2500 trees). Each “step” in the figure corre-
sponds to a change in a single misclassification (in a test set of 1536).

Not all estimators can be improved by shaking up the data like this.
It seems that highly nonlinear estimators, such as trees, benefit the most.
For bootstrapped trees, ρ is typically small (0.05 or lower is typical; see
Figure 15.9), while σ2 is not much larger than the variance for the original
tree. On the other hand, bagging does not change linear estimates, such
as the sample mean (hence its variance either); the pairwise correlation
between bootstrapped means is about 50% (Exercise 15.4).
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Random forests are popular. Leo Breiman’s1 collaborator Adele Cutler
maintains a random forest website2 where the software is freely available,
with more than 3000 downloads reported by 2002. There is a randomForest
package in R, maintained by Andy Liaw, available from the CRAN website.
The authors make grand claims about the success of random forests:

“most accurate,” “most interpretable,” and the like. In our experience ran-
dom forests do remarkably well, with very little tuning required. A ran-
dom forest classifier achieves 4.88% misclassification error on the spam test
data, which compares well with all other methods, and is not significantly
worse than gradient boosting at 4.5%. Bagging achieves 5.4% which is
significantly worse than either (using the McNemar test outlined in Ex-
ercise 10.6), so it appears on this example the additional randomization
helps.
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FIGURE 15.2. The results of 50 simulations from the “nested spheres” model in
IR10. The Bayes decision boundary is the surface of a sphere (additive). “RF-3”
refers to a random forest with m = 3, and “GBM-6” a gradient boosted model
with interaction order six; similarly for “RF-1” and “GBM-1.” The training sets
were of size 2000, and the test sets 10, 000.

Figure 15.1 shows the test-error progression on 2500 trees for the three
methods. In this case there is some evidence that gradient boosting has
started to overfit, although 10-fold cross-validation chose all 2500 trees.

1Sadly, Leo Breiman died in July, 2005.
2http://www.math.usu.edu/∼adele/forests/
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FIGURE 15.3. Random forests compared to gradient boosting on the California
housing data. The curves represent mean absolute error on the test data as a
function of the number of trees in the models. Two random forests are shown, with
m = 2 and m = 6. The two gradient boosted models use a shrinkage parameter
ν = 0.05 in (10.41), and have interaction depths of 4 and 6. The boosted models
outperform random forests.

Figure 15.2 shows the results of a simulation3 comparing random forests
to gradient boosting on the nested spheres problem [Equation (10.2) in
Chapter 10]. Boosting easily outperforms random forests here. Notice that
smaller m is better here, although part of the reason could be that the true
decision boundary is additive.
Figure 15.3 compares random forests to boosting (with shrinkage) in a

regression problem, using the California housing data (Section 10.14.1).
Two strong features that emerge are

• Random forests stabilize at about 200 trees, while at 1000 trees boost-
ing continues to improve. Boosting is slowed down by the shrinkage,
as well as the fact that the trees are much smaller.

• Boosting outperforms random forests here. At 1000 terms, the weaker
boosting model (GBM depth 4) has a smaller error than the stronger

3Details: The random forests were fit using the R package randomForest 4.5-11,
with 500 trees. The gradient boosting models were fit using R package gbm 1.5, with
shrinkage parameter set to 0.05, and 2000 trees.
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FIGURE 15.4. oob error computed on the spam training data, compared to the
test error computed on the test set.

random forest (RF m = 6); a Wilcoxon test on the mean differences
in absolute errors has a p-value of 0.007. For larger m the random
forests performed no better.

15.3 Details of Random Forests

We have glossed over the distinction between random forests for classifica-
tion versus regression. When used for classification, a random forest obtains
a class vote from each tree, and then classifies using majority vote (see Sec-
tion 8.7 on bagging for a similar discussion). When used for regression, the
predictions from each tree at a target point x are simply averaged, as in
(15.2). In addition, the inventors make the following recommendations:

• For classification, the default value for m is ⌊√p⌋ and the minimum
node size is one.

• For regression, the default value for m is ⌊p/3⌋ and the minimum
node size is five.

In practice the best values for these parameters will depend on the problem,
and they should be treated as tuning parameters. In Figure 15.3 m = 6
performs much better than the default value ⌊8/3⌋ = 2.

15.3.1 Out of Bag Samples

An important feature of random forests is its use of out-of-bag (oob) sam-
ples:
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For each observation zi = (xi, yi), construct its random forest
predictor by averaging only those trees corresponding to boot-
strap samples in which zi did not appear.

An oob error estimate is almost identical to that obtained by N -fold cross-
validation; see Exercise 15.2. Hence unlike many other nonlinear estimators,
random forests can be fit in one sequence, with cross-validation being per-
formed along the way. Once the oob error stabilizes, the training can be
terminated.
Figure 15.4 shows the oob misclassification error for the spam data, com-

pared to the test error. Although 2500 trees are averaged here, it appears
from the plot that about 200 would be sufficient.

15.3.2 Variable Importance

Variable importance plots can be constructed for random forests in exactly
the same way as they were for gradient-boosted models (Section 10.13).
At each split in each tree, the improvement in the split-criterion is the
importance measure attributed to the splitting variable, and is accumulated
over all the trees in the forest separately for each variable. The left plot
of Figure 15.5 shows the variable importances computed in this way for
the spam data; compare with the corresponding Figure 10.6 on page 354 for
gradient boosting. Boosting ignores some variables completely, while the
random forest does not. The candidate split-variable selection increases
the chance that any single variable gets included in a random forest, while
no such selection occurs with boosting.
Random forests also use the oob samples to construct a different variable-

importance measure, apparently to measure the prediction strength of each
variable. When the bth tree is grown, the oob samples are passed down
the tree, and the prediction accuracy is recorded. Then the values for the
jth variable are randomly permuted in the oob samples, and the accuracy
is again computed. The decrease in accuracy as a result of this permuting
is averaged over all trees, and is used as a measure of the importance of
variable j in the random forest. These are expressed as a percent of the
maximum in the right plot in Figure 15.5. Although the rankings of the
two methods are similar, the importances in the right plot are more uni-
form over the variables. The randomization effectively voids the effect of
a variable, much like setting a coefficient to zero in a linear model (Exer-
cise 15.7). This does not measure the effect on prediction were this variable
not available, because if the model was refitted without the variable, other
variables could be used as surrogates.
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FIGURE 15.5. Variable importance plots for a classification random forest
grown on the spam data. The left plot bases the importance on the Gini split-
ting index, as in gradient boosting. The rankings compare well with the rankings
produced by gradient boosting (Figure 10.6 on page 354). The right plot uses oob

randomization to compute variable importances, and tends to spread the impor-
tances more uniformly.
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FIGURE 15.6. (Left): Proximity plot for a random forest classifier grown to
the mixture data. (Right): Decision boundary and training data for random forest
on mixture data. Six points have been identified in each plot.

15.3.3 Proximity Plots

One of the advertised outputs of a random forest is a proximity plot. Fig-
ure 15.6 shows a proximity plot for the mixture data defined in Section 2.3.3
in Chapter 2. In growing a random forest, an N × N proximity matrix is
accumulated for the training data. For every tree, any pair of oob obser-
vations sharing a terminal node has their proximity increased by one. This
proximity matrix is then represented in two dimensions using multidimen-
sional scaling (Section 14.8). The idea is that even though the data may be
high-dimensional, involving mixed variables, etc., the proximity plot gives
an indication of which observations are effectively close together in the eyes
of the random forest classifier.
Proximity plots for random forests often look very similar, irrespective of

the data, which casts doubt on their utility. They tend to have a star shape,
one arm per class, which is more pronounced the better the classification
performance.
Since the mixture data are two-dimensional, we can map points from the

proximity plot to the original coordinates, and get a better understanding of
what they represent. It seems that points in pure regions class-wise map to
the extremities of the star, while points nearer the decision boundaries map
nearer the center. This is not surprising when we consider the construction
of the proximity matrices. Neighboring points in pure regions will often
end up sharing a bucket, since when a terminal node is pure, it is no longer
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split by a random forest tree-growing algorithm. On the other hand, pairs
of points that are close but belong to different classes will sometimes share
a terminal node, but not always.

15.3.4 Random Forests and Overfitting

When the number of variables is large, but the fraction of relevant variables
small, random forests are likely to perform poorly with small m. At each
split the chance can be small that the relevant variables will be selected.
Figure 15.7 shows the results of a simulation that supports this claim. De-
tails are given in the figure caption and Exercise 15.3. At the top of each
pair we see the hyper-geometric probability that a relevant variable will be
selected at any split by a random forest tree (in this simulation, the relevant
variables are all equal in stature). As this probability gets small, the gap
between boosting and random forests increases. When the number of rele-
vant variables increases, the performance of random forests is surprisingly
robust to an increase in the number of noise variables. For example, with 6
relevant and 100 noise variables, the probability of a relevant variable being
selected at any split is 0.46, assuming m =

√
(6 + 100) ≈ 10. According to

Figure 15.7, this does not hurt the performance of random forests compared
with boosting. This robustness is largely due to the relative insensitivity of
misclassification cost to the bias and variance of the probability estimates
in each tree. We consider random forests for regression in the next section.

Another claim is that random forests “cannot overfit” the data. It is
certainly true that increasing B does not cause the random forest sequence
to overfit; like bagging, the random forest estimate (15.2) approximates the
expectation

f̂rf(x) = EΘT (x; Θ) = lim
B→∞

f̂(x)Brf (15.3)

with an average over B realizations of Θ. The distribution of Θ here is con-
ditional on the training data. However, this limit can overfit the data; the
average of fully grown trees can result in too rich a model, and incur unnec-
essary variance. Segal (2004) demonstrates small gains in performance by
controlling the depths of the individual trees grown in random forests. Our
experience is that using full-grown trees seldom costs much, and results in
one less tuning parameter.
Figure 15.8 shows the modest effect of depth control in a simple regression

example. Classifiers are less sensitive to variance, and this effect of over-
fitting is seldom seen with random-forest classification.
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FIGURE 15.7. A comparison of random forests and gradient boosting on prob-
lems with increasing numbers of noise variables. In each case the true decision
boundary depends on two variables, and an increasing number of noise variables
are included. Random forests uses its default value m =

√
p. At the top of each

pair is the probability that one of the relevant variables is chosen at any split.
The results are based on 50 simulations for each pair, with a training sample of
300, and a test sample of 500.

15.4 Analysis of Random Forests

In this section we analyze the mechanisms at play with the additional
randomization employed by random forests. For this discussion we focus
on regression and squared error loss, since this gets at the main points,
and bias and variance are more complex with 0–1 loss (see Section 7.3.1).
Furthermore, even in the case of a classification problem, we can consider
the random-forest average as an estimate of the class posterior probabilities,
for which bias and variance are appropriate descriptors.

15.4.1 Variance and the De-Correlation Effect

The limiting form (B →∞) of the random forest regression estimator is

f̂rf(x) = EΘ|ZT (x; Θ(Z)), (15.4)

where we have made explicit the dependence on the training data Z. Here
we consider estimation at a single target point x. From (15.1) we see that
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FIGURE 15.8. The effect of tree size on the error in random forest regres-
sion. In this example, the true surface was additive in two of the 12 variables,
plus additive unit-variance Gaussian noise. Tree depth is controlled here by the
minimum node size; the smaller the minimum node size, the deeper the trees.

Varf̂rf(x) = ρ(x)σ2(x). (15.5)

Here

• ρ(x) is the sampling correlation between any pair of trees used in the
averaging:

ρ(x) = corr[T (x; Θ1(Z)), T (x; Θ2(Z))], (15.6)

where Θ1(Z) and Θ2(Z) are a randomly drawn pair of random forest
trees grown to the randomly sampled Z;

• σ2(x) is the sampling variance of any single randomly drawn tree,

σ2(x) = VarT (x; Θ(Z)). (15.7)

It is easy to confuse ρ(x) with the average correlation between fitted trees
in a given random-forest ensemble; that is, think of the fitted trees as N -
vectors, and compute the average pairwise correlation between these vec-
tors, conditioned on the data. This is not the case; this conditional corre-
lation is not directly relevant in the averaging process, and the dependence
on x in ρ(x) warns us of the distinction. Rather, ρ(x) is the theoretical
correlation between a pair of random-forest trees evaluated at x, induced
by repeatedly making training sample draws Z from the population, and
then drawing a pair of random forest trees. In statistical jargon, this is the
correlation induced by the sampling distribution of Z and Θ.
More precisely, the variability averaged over in the calculations in (15.6)

and (15.7) is both
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• conditional on Z: due to the bootstrap sampling and feature sampling
at each split, and

• a result of the sampling variability of Z itself.

In fact, the conditional covariance of a pair of tree fits at x is zero, because
the bootstrap and feature sampling is i.i.d; see Exercise 15.5.
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FIGURE 15.9. Correlations between pairs of trees drawn by a random-forest
regression algorithm, as a function of m. The boxplots represent the correlations
at 600 randomly chosen prediction points x.

The following demonstrations are based on a simulation model

Y =
1√
50

50∑

j=1

Xj + ε, (15.8)

with all the Xj and ε iid Gaussian. We use 500 training sets of size 100, and
a single set of test locations of size 600. Since regression trees are nonlinear
in Z, the patterns we see below will differ somewhat depending on the
structure of the model.
Figure 15.9 shows how the correlation (15.6) between pairs of trees de-

creases as m decreases: pairs of tree predictions at x for different training
sets Z are likely to be less similar if they do not use the same splitting
variables.
In the left panel of Figure 15.10 we consider the variances of single tree

predictors, VarT (x; Θ(Z)) (averaged over 600 prediction points x drawn
randomly from our simulation model). This is the total variance, and can be
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decomposed into two parts using standard conditional variance arguments
(see Exercise 15.5):

VarΘ,ZT (x; Θ(Z)) = VarZEΘ|ZT (x; Θ(Z)) + EZVarΘ|ZT (x; Θ(Z))

Total Variance = VarZf̂rf(x) + within-Z Variance
(15.9)

The second term is the within-Z variance—a result of the randomization,
which increases as m decreases. The first term is in fact the sampling vari-
ance of the random forest ensemble (shown in the right panel), which de-
creases asm decreases. The variance of the individual trees does not change
appreciably over much of the range of m, hence in light of (15.5), the vari-
ance of the ensemble is dramatically lower than this tree variance.
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FIGURE 15.10. Simulation results. The left panel shows the average variance of
a single random forest tree, as a function of m. “Within Z” refers to the average
within-sample contribution to the variance, resulting from the bootstrap sampling
and split-variable sampling (15.9). “Total” includes the sampling variability of
Z. The horizontal line is the average variance of a single fully grown tree (with-
out bootstrap sampling). The right panel shows the average mean-squared error,
squared bias and variance of the ensemble, as a function of m. Note that the
variance axis is on the right (same scale, different level). The horizontal line is
the average squared-bias of a fully grown tree.

15.4.2 Bias

As in bagging, the bias of a random forest is the same as the bias of any
of the individual sampled trees T (x; Θ(Z)):
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Bias(x) = µ(x)− EZf̂rf(x)

= µ(x)− EZEΘ|ZT (x; Θ(Z)). (15.10)

This is also typically greater (in absolute terms) than the bias of an un-
pruned tree grown to Z, since the randomization and reduced sample space
impose restrictions. Hence the improvements in prediction obtained by bag-
ging or random forests are solely a result of variance reduction.

Any discussion of bias depends on the unknown true function. Fig-
ure 15.10 (right panel) shows the squared bias for our additive model simu-
lation (estimated from the 500 realizations). Although for different models
the shape and rate of the bias curves may differ, the general trend is that
as m decreases, the bias increases. Shown in the figure is the mean-squared
error, and we see a classical bias-variance trade-off in the choice of m. For
all m the squared bias of the random forest is greater than that for a single
tree (horizontal line).
These patterns suggest a similarity with ridge regression (Section 3.4.1).

Ridge regression is useful (in linear models) when one has a large number
of variables with similarly sized coefficients; ridge shrinks their coefficients
toward zero, and those of strongly correlated variables toward each other.
Although the size of the training sample might not permit all the variables
to be in the model, this regularization via ridge stabilizes the model and al-
lows all the variables to have their say (albeit diminished). Random forests
with small m perform a similar averaging. Each of the relevant variables
get their turn to be the primary split, and the ensemble averaging reduces
the contribution of any individual variable. Since this simulation exam-
ple (15.8) is based on a linear model in all the variables, ridge regression
achieves a lower mean-squared error (about 0.45 with df(λopt) ≈ 29).

15.4.3 Adaptive Nearest Neighbors

The random forest classifier has much in common with the k-nearest neigh-
bor classifier (Section 13.3); in fact a weighted version thereof. Since each
tree is grown to maximal size, for a particular Θ∗, T (x; Θ∗(Z)) is the re-
sponse value for one of the training samples4. The tree-growing algorithm
finds an “optimal” path to that observation, choosing the most informative
predictors from those at its disposal. The averaging process assigns weights
to these training responses, which ultimately vote for the prediction. Hence
via the random-forest voting mechanism, those observations close to the
target point get assigned weights—an equivalent kernel—which combine to
form the classification decision.
Figure 15.11 demonstrates the similarity between the decision boundary

of 3-nearest neighbors and random forests on the mixture data.

4We gloss over the fact that pure nodes are not split further, and hence there can be
more than one observation in a terminal node
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Random Forest Classifier
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FIGURE 15.11. Random forests versus 3-NN on the mixture data. The axis-ori-
ented nature of the individual trees in a random forest lead to decision regions
with an axis-oriented flavor.

Bibliographic Notes

Random forests as described here were introduced by Breiman (2001), al-
though many of the ideas had cropped up earlier in the literature in dif-
ferent forms. Notably Ho (1995) introduced the term “random forest,” and
used a consensus of trees grown in random subspaces of the features. The
idea of using stochastic perturbation and averaging to avoid overfitting was
introduced by Kleinberg (1990), and later in Kleinberg (1996). Amit and
Geman (1997) used randomized trees grown on image features for image
classification problems. Breiman (1996a) introduced bagging, a precursor
to his version of random forests. Dietterich (2000b) also proposed an im-
provement on bagging using additional randomization. His approach was
to rank the top 20 candidate splits at each node, and then select from the
list at random. He showed through simulations and real examples that this
additional randomization improved over the performance of bagging. Fried-
man and Hall (2007) showed that sub-sampling (without replacement) is
an effective alternative to bagging. They showed that growing and aver-
aging trees on samples of size N/2 is approximately equivalent (in terms
bias/variance considerations) to bagging, while using smaller fractions of
N reduces the variance even further (through decorrelation).
There are several free software implementations of random forests. In

this chapter we used the randomForest package in R, maintained by Andy
Liaw, available from the CRAN website. This allows both split-variable se-
lection, as well as sub-sampling. Adele Cutler maintains a random forest
website http://www.math.usu.edu/∼adele/forests/ where (as of Au-
gust 2008) the software written by Leo Breiman and Adele Cutler is freely
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available. Their code, and the name “random forests”, is exclusively li-
censed to Salford Systems for commercial release. The Weka machine learn-
ing archive http://www.cs.waikato.ac.nz/ml/weka/ at Waikato Univer-
sity, New Zealand, offers a free java implementation of random forests.

Exercises

Ex. 15.1 Derive the variance formula (15.1). This appears to fail if ρ is
negative; diagnose the problem in this case.

Ex. 15.2 Show that as the number of bootstrap samples B gets large, the
oob error estimate for a random forest approaches its N -fold CV error
estimate, and that in the limit, the identity is exact.

Ex. 15.3 Consider the simulation model used in Figure 15.7 (Mease and
Wyner, 2008). Binary observations are generated with probabilities

Pr(Y = 1|X) = q + (1− 2q) · 1




J∑

j=1

Xj > J/2


, (15.11)

where X ∼ U [0, 1]p, 0 ≤ q ≤ 1
2 , and J ≤ p is some predefined (even)

number. Describe this probability surface, and give the Bayes error rate.

Ex. 15.4 Suppose xi, i = 1, . . . , N are iid (µ, σ2). Let x̄∗1 and x̄∗2 be two
bootstrap realizations of the sample mean. Show that the sampling cor-
relation corr(x̄∗1, x̄

∗
2) = n

2n−1 ≈ 50%. Along the way, derive var(x̄∗1) and
the variance of the bagged mean x̄bag. Here x̄ is a linear statistic; bagging
produces no reduction in variance for linear statistics.

Ex. 15.5 Show that the sampling correlation between a pair of random-
forest trees at a point x is given by

ρ(x) =
VarZ[EΘ|ZT (x; Θ(Z))]

VarZ[EΘ|ZT (x; Θ(Z))] + EZVarΘ|Z[T (x; Θ(Z)]
. (15.12)

The term in the numerator is VarZ[f̂rf(x)], and the second term in the
denominator is the expected conditional variance due to the randomization
in random forests.

Ex. 15.6 Fit a series of random-forest classifiers to the spam data, to explore
the sensitivity to the parameter m. Plot both the oob error as well as the
test error against a suitably chosen range of values for m.
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Ex. 15.7 Suppose we fit a linear regression model to N observations with
response yi and predictors xi1, . . . , xip. Assume that all variables are stan-
dardized to have mean zero and standard deviation one. Let RSS be the
mean-squared residual on the training data, and β̂ the estimated coefficient.
Denote by RSS∗

j the mean-squared residual on the training data using the

same β̂, but with the N values for the jth variable randomly permuted
before the predictions are calculated. Show that

EP [RSS
∗
j −RSS] = 2β̂2

j , (15.13)

where EP denotes expectation with respect to the permutation distribution.
Argue that this is approximately true when the evaluations are done using
an independent test set.
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16
Ensemble Learning

16.1 Introduction

The idea of ensemble learning is to build a prediction model by combining
the strengths of a collection of simpler base models. We have already seen
a number of examples that fall into this category.
Bagging in Section 8.7 and random forests in Chapter 15 are ensemble

methods for classification, where a committee of trees each cast a vote for
the predicted class. Boosting in Chapter 10 was initially proposed as a
committee method as well, although unlike random forests, the committee
of weak learners evolves over time, and the members cast a weighted vote.
Stacking (Section 8.8) is a novel approach to combining the strengths of
a number of fitted models. In fact one could characterize any dictionary
method, such as regression splines, as an ensemble method, with the basis
functions serving the role of weak learners.
Bayesian methods for nonparametric regression can also be viewed as

ensemble methods: a large number of candidate models are averaged with
respect to the posterior distribution of their parameter settings (e.g. (Neal
and Zhang, 2006)).
Ensemble learning can be broken down into two tasks: developing a pop-

ulation of base learners from the training data, and then combining them
to form the composite predictor. In this chapter we discuss boosting tech-
nology that goes a step further; it builds an ensemble model by conducting
a regularized and supervised search in a high-dimensional space of weak
learners.
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An early example of a learning ensemble is a method designed for multi-
class classification using error-correcting output codes (Dietterich and Bakiri,
1995, ECOC). Consider the 10-class digit classification problem, and the
coding matrix C given in Table 16.1.

TABLE 16.1. Part of a 15-bit error-correcting coding matrix C for the 10-class
digit classification problem. Each column defines a two-class classification prob-
lem.

Digit C1 C2 C3 C4 C5 C6 · · · C15

0 1 1 0 0 0 0 · · · 1
1 0 0 1 1 1 1 · · · 0

2 1 0 0 1 0 0 · · · 1
..
.

..

.
..
.

..

.
..
.

..

.
..
. · · ·

..

.
8 1 1 0 1 0 1 · · · 1
9 0 1 1 1 0 0 · · · 0

Note that the ℓth column of the coding matrix Cℓ defines a two-class
variable that merges all the original classes into two groups. The method
works as follows:

1. Learn a separate classifier for each of the L = 15 two class problems
defined by the columns of the coding matrix.

2. At a test point x, let p̂ℓ(x) be the predicted probability of a one for
the ℓth response.

3. Define δk(x) =
∑L

ℓ=1 |Ckℓ − p̂ℓ(x)|, the discriminant function for the
kth class, where Ckℓ is the entry for row k and column ℓ in Table 16.1.

Each row of C is a binary code for representing that class. The rows have
more bits than is necessary, and the idea is that the redundant “error-
correcting” bits allow for some inaccuracies, and can improve performance.
In fact, the full code matrix C above has a minimum Hamming distance1

of 7 between any pair of rows. Note that even the indicator response coding
(Section 4.2) is redundant, since 10 classes require only ⌈log2 10 = 4 bits for
their unique representation. Dietterich and Bakiri (1995) showed impressive
improvements in performance for a variety of multiclass problems when
classification trees were used as the base classifier.
James and Hastie (1998) analyzed the ECOC approach, and showed

that random code assignment worked as well as the optimally constructed
error-correcting codes. They also argued that the main benefit of the coding
was in variance reduction (as in bagging and random forests), because the
different coded problems resulted in different trees, and the decoding step
(3) above has a similar effect as averaging.

1The Hamming distance between two vectors is the number of mismatches between
corresponding entries.
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16.2 Boosting and Regularization Paths

In Section 10.12.2 of the first edition of this book, we suggested an analogy
between the sequence of models produced by a gradient boosting algorithm
and regularized model fitting in high-dimensional feature spaces. This was
primarily motivated by observing the close connection between a boosted
version of linear regression and the lasso (Section 3.4.2). These connec-
tions have been pursued by us and others, and here we present our current
thinking in this area. We start with the original motivation, which fits more
naturally in this chapter on ensemble learning.

16.2.1 Penalized Regression

Intuition for the success of the shrinkage strategy (10.41) of gradient boost-
ing (page 364 in Chapter 10) can be obtained by drawing analogies with
penalized linear regression with a large basis expansion. Consider the dic-
tionary of all possible J-terminal node regression trees T = {Tk} that could
be realized on the training data as basis functions in IRp. The linear model
is

f(x) =

K∑

k=1

αkTk(x), (16.1)

where K = card(T ). Suppose the coefficients are to be estimated by least
squares. Since the number of such trees is likely to be much larger than
even the largest training data sets, some form of regularization is required.
Let α̂(λ) solve

min
α





N∑

i=1

(
yi −

K∑

k=1

αkTk(xi)

)2

+ λ · J(α)



 , (16.2)

J(α) is a function of the coefficients that generally penalizes larger values.
Examples are

J(α) =

K∑

k=1

|αk|2 ridge regression, (16.3)

J(α) =

K∑

k=1

|αk| lasso, (16.4)

(16.5)

both covered in Section 3.4. As discussed there, the solution to the lasso
problem with moderate to large λ tends to be sparse; many of the α̂k(λ) =
0. That is, only a small fraction of all possible trees enter the model (16.1).
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Algorithm 16.1 Forward Stagewise Linear Regression.

1. Initialize α̌k = 0, k = 1, . . . ,K. Set ε > 0 to some small constant,
and M large.

2. For m = 1 to M :

(a) (β∗, k∗) = argminβ,k
∑N

i=1

(
yi −

∑K
l=1 α̌lTl(xi)− βTk(xi)

)2
.

(b) α̌k∗ ← α̌k∗ + ε · sign(β∗).

3. Output fM (x) =
∑K

k=1 α̌kTk(x).

This seems reasonable since it is likely that only a small fraction of all pos-
sible trees will be relevant in approximating any particular target function.
However, the relevant subset will be different for different targets. Those
coefficients that are not set to zero are shrunk by the lasso in that their
absolute values are smaller than their corresponding least squares values2:
| α̂k(λ) | < | α̂k(0) |. As λ increases, the coefficients all shrink, each one
ultimately becoming zero.
Owing to the very large number of basis functions Tk, directly solving

(16.2) with the lasso penalty (16.4) is not possible. However, a feasible
forward stagewise strategy exists that closely approximates the effect of
the lasso, and is very similar to boosting and the forward stagewise Algo-
rithm 10.2. Algorithm 16.1 gives the details. Although phrased in terms
of tree basis functions Tk, the algorithm can be used with any set of ba-
sis functions. Initially all coefficients are zero in line 1; this corresponds
to λ = ∞ in (16.2). At each successive step, the tree Tk∗ is selected that
best fits the current residuals in line 2(a). Its corresponding coefficient α̌k∗

is then incremented or decremented by an infinitesimal amount in 2(b),
while all other coefficients α̌k, k 6= k∗ are left unchanged. In principle, this
process could be iterated until either all the residuals are zero, or β∗ = 0.
The latter case can occur if K < N , and at that point the coefficient values
represent a least squares solution. This corresponds to λ = 0 in (16.2).
After applying Algorithm 16.1 withM <∞ iterations, many of the coef-

ficients will be zero, namely, those that have yet to be incremented. The oth-
ers will tend to have absolute values smaller than their corresponding least
squares solution values, | α̌k(M) | < | α̂k(0) |. Therefore this M -iteration
solution qualitatively resembles the lasso, with M inversely related to λ.

Figure 16.1 shows an example, using the prostate data studied in Chap-
ter 3. Here, instead of using trees Tk(X) as basis functions, we use the origi-

2If K > N , there is in general no unique “least squares value,” since infinitely many
solutions will exist that fit the data perfectly. We can pick the minimum L1-norm solution
amongst these, which is the unique lasso solution.
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FIGURE 16.1. Profiles of estimated coefficients from linear regression, for the
prostate data studied in Chapter 3. The left panel shows the results from the lasso,
for different values of the bound parameter t =

∑

k |αk|. The right panel shows
the results of the stagewise linear regression Algorithm 16.1, using M = 220
consecutive steps of size ε = .01.

nal variables Xk themselves; that is, a multiple linear regression model. The
left panel displays the profiles of estimated coefficients from the lasso, for
different values of the bound parameter t =

∑
k |αk|. The right panel shows

the results of the stagewise Algorithm 16.1, with M = 250 and ε = 0.01.
[The left and right panels of Figure 16.1 are the same as Figure 3.10 and
the left panel of Figure 3.19, respectively.] The similarity between the two
graphs is striking.
In some situations the resemblance is more than qualitative. For example,

if all of the basis functions Tk are mutually uncorrelated, then as ε ↓ 0,M ↑
such that Mǫ→ t, Algorithm 16.1 yields exactly the same solution as the
lasso for bound parameter t =

∑
k |αk| (and likewise for all solutions along

the path). Of course, tree-based regressors are not uncorrelated. However,
the solution sets are also identical if the coefficients α̂k(λ) are all monotone
functions of λ. This is often the case when the correlation between the
variables is low. When the α̂k(λ) are not monotone in λ, then the solution
sets are not identical. The solution sets for Algorithm 16.1 tend to change
less rapidly with changing values of the regularization parameter than those
of the lasso.
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Efron et al. (2004) make the connections more precise, by characterizing
the exact solution paths in the ε-limiting case. They show that the coeffi-
cient paths are piece-wise linear functions, both for the lasso and forward
stagewise. This facilitates efficient algorithms which allow the entire paths
to be computed with the same cost as a single least-squares fit. This least
angle regression algorithm is described in more detail in Section 3.8.1.
Hastie et al. (2007) show that this infinitesimal forward stagewise algo-

rithm (FS0) fits a monotone version of the lasso, which optimally reduces
at each step the loss function for a given increase in the arc length of the
coefficient path (see Sections 16.2.3 and 3.8.1). The arc-length for the ǫ > 0
case is Mǫ, and hence proportional to the number of steps.
Tree boosting (Algorithm 10.3) with shrinkage (10.41) closely resembles

Algorithm 16.1, with the learning rate parameter ν corresponding to ε. For
squared error loss, the only difference is that the optimal tree to be selected
at each iteration Tk∗ is approximated by the standard top-down greedy
tree-induction algorithm. For other loss functions, such as the exponential
loss of AdaBoost and the binomial deviance, Rosset et al. (2004a) show
similar results to what we see here. Thus, one can view tree boosting with
shrinkage as a form of monotone ill-posed regression on all possible (J-
terminal node) trees, with the lasso penalty (16.4) as a regularizer. We
return to this topic in Section 16.2.3.
The choice of no shrinkage [ν = 1 in equation (10.41)] is analogous to

forward-stepwise regression, and its more aggressive cousin best-subset se-
lection, which penalizes the number of non zero coefficients J(α) =

∑
k |αk|0.

With a small fraction of dominant variables, best subset approaches often
work well. But with a moderate fraction of strong variables, it is well known
that subset selection can be excessively greedy (Copas, 1983), often yielding
poor results when compared to less aggressive strategies such as the lasso
or ridge regression. The dramatic improvements often seen when shrinkage
is used with boosting are yet another confirmation of this approach.

16.2.2 The “Bet on Sparsity” Principle

As shown in the previous section, boosting’s forward stagewise strategy
with shrinkage approximately minimizes the same loss function with a
lasso-style L1 penalty. The model is built up slowly, searching through
“model space” and adding shrunken basis functions derived from impor-
tant predictors. In contrast, the L2 penalty is computationally much easier
to deal with, as shown in Section 12.3.7. With the basis functions and L2

penalty chosen to match a particular positive-definite kernel, one can solve
the corresponding optimization problem without explicitly searching over
individual basis functions.
However, the sometimes superior performance of boosting over proce-

dures such as the support vector machine may be largely due to the im-
plicit use of the L1 versus L2 penalty. The shrinkage resulting from the
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L1 penalty is better suited to sparse situations, where there are few basis
functions with nonzero coefficients (among all possible choices).
We can strengthen this argument through a simple example, taken from

Friedman et al. (2004). Suppose we have 10, 000 data points and our model
is a linear combination of a million trees. If the true population coefficients
of these trees arose from a Gaussian distribution, then we know that in a
Bayesian sense the best predictor is ridge regression (Exercise 3.6). That is,
we should use an L2 rather than an L1 penalty when fitting the coefficients.
On the other hand, if there are only a small number (e.g., 1000) coefficients
that are nonzero, the lasso (L1 penalty) will work better. We think of this
as a sparse scenario, while the first case (Gaussian coefficients) is dense.
Note however that in the dense scenario, although the L2 penalty is best,
neither method does very well since there is too little data from which to
estimate such a large number of nonzero coefficients. This is the curse of
dimensionality taking its toll. In a sparse setting, we can potentially do
well with the L1 penalty, since the number of nonzero coefficients is small.
The L2 penalty fails again.
In other words, use of the L1 penalty follows what we call the “bet on

sparsity” principle for high-dimensional problems:

Use a procedure that does well in sparse problems, since no pro-
cedure does well in dense problems.

These comments need some qualification:

• For any given application, the degree of sparseness/denseness depends
on the unknown true target function, and the chosen dictionary T .

• The notion of sparse versus dense is relative to the size of the train-
ing data set and/or the noise-to-signal ratio (NSR). Larger training
sets allow us to estimate coefficients with smaller standard errors.
Likewise in situations with small NSR, we can identify more nonzero
coefficients with a given sample size than in situations where the NSR
is larger.

• The size of the dictionary plays a role as well. Increasing the size of the
dictionary may lead to a sparser representation for our function, but
the search problem becomes more difficult leading to higher variance.

Figure 16.2 illustrates these points in the context of linear models us-
ing simulation. We compare ridge regression and lasso, both for classifi-
cation and regression problems. Each run has 50 observations with 300
independent Gaussian predictors. In the top row all 300 coefficients are
nonzero, generated from a Gaussian distribution. In the middle row, only
10 are nonzero and generated from a Gaussian, and the last row has 30
non zero Gaussian coefficients. For regression, standard Gaussian noise is
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FIGURE 16.2. Simulations that show the superiority of the L1 (lasso) penalty
over L2 (ridge) in regression and classification. Each run has 50 observations
with 300 independent Gaussian predictors. In the top row all 300 coefficients are
nonzero, generated from a Gaussian distribution. In the middle row, only 10 are
nonzero, and the last row has 30 nonzero. Gaussian errors are added to the linear
predictor η(X) for the regression problems, and binary responses generated via the
inverse-logit transform for the classification problems. Scaling of η(X) resulted in
the noise-to-signal ratios shown. Lasso is used in the left sub-columns, ridge in the
right. We report the optimal percentage of error explained on test data (relative
to the error of a constant model), displayed as boxplots over 20 realizations for
each combination. In the only situation where ridge beats lasso (top row), neither
do well.
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added to the linear predictor η(X) = XTβ to produce a continuous re-
sponse. For classification the linear predictor is transformed via the inverse-
logit to a probability, and a binary response is generated. Five differ-
ent noise-to-signal ratios are presented, obtained by scaling η(X) prior
to generating the response. In both cases this is defined to be NSR =
Var(Y |η(X))/Var(η(X)). Both the ridge regression and lasso coefficient
paths were fit using a series of 50 values of λ corresponding to a range of
df from 1 to 50 (see Chapter 3 for details). The models were evaluated on
a large test set (infinite for Gaussian, 5000 for binary), and in each case the
value for λ was chosen to minimize the test-set error. We report percentage
variance explained for the regression problems, and percentage misclassifi-
cation error explained for the classification problems (relative to a baseline
error of 0.5). There are 20 simulation runs for each scenario.
Note that for the classification problems, we are using squared-error loss

to fit the binary response. Note also that we do not using the training
data to select λ, but rather are reporting the best possible behavior for
each method in the different scenarios. The L2 penalty performs poorly
everywhere. The Lasso performs reasonably well in the only two situations
where it can (sparse coefficients). As expected the performance gets worse
as the NSR increases (less so for classification), and as the model becomes
denser. The differences are less marked for classification than for regression.
These empirical results are supported by a large body of theoretical

results (Donoho and Johnstone, 1994; Donoho and Elad, 2003; Donoho,
2006b; Candes and Tao, 2007) that support the superiority of L1 estimation
in sparse settings.

16.2.3 Regularization Paths, Over-fitting and Margins

It has often been observed that boosting “does not overfit,” or more as-
tutely is “slow to overfit.” Part of the explanation for this phenomenon was
made earlier for random forests — misclassification error is less sensitive to
variance than is mean-squared error, and classification is the major focus
in the boosting community. In this section we show that the regulariza-
tion paths of boosted models are “well behaved,” and that for certain loss
functions they have an appealing limiting form.
Figure 16.3 shows the coefficient paths for lasso and infinitesimal forward

stagewise (FS0) in a simulated regression setting. The data consists of a
dictionary of 1000 Gaussian variables, strongly correlated (ρ = 0.95) within
blocks of 20, but uncorrelated between blocks. The generating model has
nonzero coefficients for 50 variables, one drawn from each block, and the
coefficient values are drawn from a standard Gaussian. Finally, Gaussian
noise is added, with a noise-to-signal ratio of 0.72 (Exercise 16.1.) The
FS0 algorithm is a limiting form of algorithm 16.1, where the step size ε
is shrunk to zero (Section 3.8.1). The grouping of the variables is intended
to mimic the correlations of nearby trees, and with the forward-stagewise
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FIGURE 16.3. Comparison of lasso and infinitesimal forward stagewise paths
on simulated regression data. The number of samples is 60 and the number of
variables is 1000. The forward-stagewise paths fluctuate less than those of lasso
in the final stages of the algorithms.

algorithm, this setup is intended as an idealized version of gradient boosting
with shrinkage. For both these algorithms, the coefficient paths can be
computed exactly, since they are piecewise linear (see the LARS algorithm
in Section 3.8.1).
Here the coefficient profiles are similar only in the early stages of the

paths. For the later stages, the forward stagewise paths tend to be mono-
tone and smoother, while those for the lasso fluctuate widely. This is due
to the strong correlations among subsets of the variables —lasso suffers
somewhat from the multi-collinearity problem (Exercise 3.28).
The performance of the two models is rather similar (Figure 16.4), and

they achieve about the same minimum. In the later stages forward stagewise
takes longer to overfit, a likely consequence of the smoother paths.

Hastie et al. (2007) show that FS0 solves a monotone version of the lasso
problem for squared error loss. Let T a = T ∪ {−T } be the augmented
dictionary obtained by including a negative copy of every basis element
in T . We consider models f(x) =

∑
Tk∈T a αkTk(x) with non-negative co-

efficients αk ≥ 0. In this expanded space, the lasso coefficient paths are
positive, while those of FS0 are monotone nondecreasing.

The monotone lasso path is characterized by a differential equation

∂α

∂ℓ
= ρml(α(ℓ)), (16.6)
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FIGURE 16.4. Mean squared error for lasso and infinitesimal forward stagewise
on the simulated data. Despite the difference in the coefficient paths, the two
models perform similarly over the critical part of the regularization path. In the
right tail, lasso appears to overfit more rapidly.

with initial condition α(0) = 0, where ℓ is the L1 arc-length of the path
α(ℓ) (Exercise 16.2). The monotone lasso move direction (velocity vector)
ρml(α(ℓ)) decreases the loss at the optimal quadratic rate per unit increase
in the L1 arc-length of the path. Since ρml

k (α(ℓ)) ≥ 0 ∀k, ℓ, the solution
paths are monotone.
The lasso can similarly be characterized as the solution to a differential

equation as in (16.6), except that the move directions decrease the loss
optimally per unit increase in the L1 norm of the path. As a consequence,
they are not necessarily positive, and hence the lasso paths need not be
monotone.
In this augmented dictionary, restricting the coefficients to be positive is

natural, since it avoids an obvious ambiguity. It also ties in more naturally
with tree boosting—we always find trees positively correlated with the
current residual.
There have been suggestions that boosting performs well (for two-class

classification) because it exhibits maximal-margin properties, much like the
support-vector machines of Chapters 4.5.2 and 12. Schapire et al. (1998)
define the normalized L1 margin of a fitted model f(x) =

∑
k αkTk(x) as

m(f) = min
i

yif(xi)∑K
k=1 |αk|

. (16.7)

Here the minimum is taken over the training sample, and yi ∈ {−1,+1}.
Unlike the L2 margin (4.40) of support vector machines, the L1 margin
m(f) measures the distance to the closest training point in L∞ units (max-
imum coordinate distance).
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FIGURE 16.5. The left panel shows the L1 margin m(f) for the Adaboost clas-
sifier on the mixture data, as a function of the number of 4-node trees. The model
was fit using the R package gbm, with a shrinkage factor of 0.02. After 10, 000
trees, m(f) has settled down. Note that when the margin crosses zero, the training
error becomes zero. The right panel shows the test error, which is minimized at
240 trees. In this case, Adaboost overfits dramatically if run to convergence.

Schapire et al. (1998) prove that with separable data, Adaboost in-
creases m(f) with each iteration, converging to a margin-symmetric so-
lution. Rätsch and Warmuth (2002) prove the asymptotic convergence of
Adaboost with shrinkage to a L1-margin-maximizing solution. Rosset et
al. (2004a) consider regularized models of the form (16.2) for general loss
functions. They show that as λ ↓ 0, for particular loss functions the solution
converges to a margin-maximizing configuration. In particular they show
this to be the case for the exponential loss of Adaboost, as well as binomial
deviance.
Collecting together the results of this section, we reach the following

summary for boosted classifiers:

The sequence of boosted classifiers form an L1-regularized mono-
tone path to a margin-maximizing solution.

Of course the margin-maximizing end of the path can be a very poor, overfit
solution, as it is in the example in Figure 16.5. Early stopping amounts
to picking a point along the path, and should be done with the aid of a
validation dataset.

16.3 Learning Ensembles

The insights learned from the previous sections can be harnessed to produce
a more effective and efficient ensemble model. Again we consider functions
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of the form
f(x) = α0 +

∑

Tk∈T

αkTk(x), (16.8)

where T is a dictionary of basis functions, typically trees. For gradient
boosting and random forests, |T | is very large, and it is quite typical for the
final model to involve many thousands of trees. In the previous section we
argue that gradient boosting with shrinkage fits an L1 regularized monotone
path in this space of trees.
Friedman and Popescu (2003) propose a hybrid approach which breaks

this process down into two stages:

• A finite dictionary TL = {T1(x), T2(x), . . . , TM (x)} of basis functions
is induced from the training data;

• A family of functions fλ(x) is built by fitting a lasso path in this
dictionary:

α(λ) = argmin
α

N∑

i=1

L[yi, α0 +

M∑

m=1

αmTm(xi)] + λ

M∑

m=1

|αm|. (16.9)

In its simplest form this model could be seen as a way of post-processing
boosting or random forests, taking for TL the collection of trees produced
by the gradient boosting or random forest algorithms. By fitting the lasso
path to these trees, we would typically use a much reduced set, which would
save in computations and storage for future predictions. In the next section
we describe modifications of this prescription that reduce the correlations in
the ensemble TL, and improve the performance of the lasso post processor.
As an initial illustration, we apply this procedure to a random forest

ensemble grown on the spam data.
Figure 16.6 shows that a lasso post-processing offers modest improve-

ment over the random forest (blue curve), and reduces the forest to about
40 trees, rather than the original 1000. The post-processed performance
matches that of gradient boosting. The orange curves represent a modified
version of random forests, designed to reduce the correlations between trees
even more. Here a random sub-sample (without replacement) of 5% of the
training sample is used to grow each tree, and the trees are restricted to be
shallow (about six terminal nodes). The post-processing offers more dra-
matic improvements here, and the training costs are reduced by a factor
of about 100. However, the performance of the post-processed model falls
somewhat short of the blue curves.

16.3.1 Learning a Good Ensemble

Not all ensembles TL will perform well with post-processing. In terms of
basis functions, we want a collection that covers the space well in places
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FIGURE 16.6. Application of the lasso post-processing (16.9) to the spam data.
The horizontal blue line is the test error of a random forest fit to the spam data,
using 1000 trees grown to maximum depth (with m = 7; see Algorithm 15.1).
The jagged blue curve is the test error after post-processing the first 500 trees
using the lasso, as a function of the number of trees with nonzero coefficients.
The orange curve/line use a modified form of random forest, where a random
draw of 5% of the data are used to grow each tree, and the trees are forced to
be shallow (typically six terminal nodes). Here the post-processing offers much
greater improvement over the random forest that generated the ensemble.

where they are needed, and are sufficiently different from each other for
the post-processor to be effective.
Friedman and Popescu (2003) gain insights from numerical quadrature

and importance sampling. They view the unknown function as an integral

f(x) =

∫
β(γ)b(x; γ)dγ, (16.10)

where γ ∈ Γ indexes the basis functions b(x; γ). For example, if the basis
functions are trees, then γ indexes the splitting variables, the split-points
and the values in the terminal nodes. Numerical quadrature amounts to
finding a set of M evaluation points γm ∈ Γ and corresponding weights
αm so that fM (x) = α0 +

∑M
m=1 αmb(x; γm) approximates f(x) well over

the domain of x. Importance sampling amounts to sampling γ at random,
but giving more weight to relevant regions of the space Γ. Friedman and
Popescu (2003) suggest a measure of (lack of) relevance that uses the loss
function (16.9):
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Q(γ) = min
c0,c1

N∑

i=1

L(yi, c0 + c1b(xi; γ)), (16.11)

evaluated on the training data.
If a single basis function were to be selected (e.g., a tree), it would be

the global minimizer γ∗ = argminγ∈ΓQ(γ). Introducing randomness in the
selection of γ would necessarily produce less optimal values with Q(γ) ≥
Q(γ∗). They propose a natural measure of the characteristic width σ of the
sampling scheme S,

σ = ES [Q(γ)−Q(γ∗)]. (16.12)

• σ too narrow suggests too many of the b(x; γm) look alike, and similar
to b(x; γ∗);

• σ too wide implies a large spread in the b(x; γm), but possibly con-
sisting of many irrelevant cases.

Friedman and Popescu (2003) use sub-sampling as a mechanism for intro-
ducing randomness, leading to their ensemble-generation algorithm 16.2.

Algorithm 16.2 ISLE Ensemble Generation.

1. f0(x) = argminc
∑N

i=1 L(yi, c)

2. For m = 1 to M do

(a) γm = argminγ
∑

i∈Sm(η) L(yi, fm−1(xi) + b(xi; γ))

(b) fm(x) = fm−1(x) + νb(x; γm)

3. TISLE = {b(x; γ1), b(x; γ2), . . . , b(x; γM )}.

Sm(η) refers to a subsample of N · η (η ∈ (0, 1]) of the training obser-
vations, typically without replacement. Their simulations suggest picking
η ≤ 1

2 , and for large N picking η ∼ 1/
√
N . Reducing η increases the

randomness, and hence the width σ. The parameter ν ∈ [0, 1] introduces
memory into the randomization process; the larger ν, the more the pro-
cedure avoids b(x; γ) similar to those found before. A number of familiar
randomization schemes are special cases of Algorithm 16.2:

Bagging has η = 1, but samples with replacement, and has ν = 0. Fried-
man and Hall (2007) argue that sampling without replacement with
η = 1/2 is equivalent to sampling with replacement with η = 1, and
the former is much more efficient.
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Random forest sampling is similar, with more randomness introduced by
the selection of the splitting variable. Reducing η < 1/2 in algo-
rithm 16.2 has a similar effect to reducing m in random forests, but
does not suffer from the potential biases discussed in Section 15.4.2.

Gradient boosting with shrinkage (10.41) uses η = 1, but typically does
not produce sufficient width σ.

Stochastic gradient boosting (Friedman, 1999) follows the recipe exactly.

The authors recommend values ν = 0.1 and η ≤ 1
2 , and call their combined

procedure (ensemble generation and post processing) Importance sampled
learning ensemble (ISLE).
Figure 16.7 shows the performance of an ISLE on the spam data. It does
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FIGURE 16.7. Importance sampling learning ensemble (ISLE) fit to the spam
data. Here we used η = 1/2, ν = 0.05, and trees with five terminal nodes. The
lasso post-processed ensemble does not improve the prediction error in this case,
but it reduces the number of trees by a factor of five.

not improve the predictive performance, but is able to produce a more
parsimonious model. Note that in practice the post-processing includes
the selection of the regularization parameter λ in (16.9), which would be



16.3 Learning Ensembles 621

chosen by cross-validation. Here we simply demonstrate the effects of post-
processing by showing the entire path on the test data.
Figure 16.8 shows various ISLEs on a regression example. The generating
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FIGURE 16.8. Demonstration of ensemble methods on a regression simulation
example. The notation GBM (0.1, 0.01) refers to a gradient boosted model, with
parameters (η, ν). We report mean-squared error from the true (known) function.
Note that the sub-sampled GBM model (green) outperforms the full GBM model
(orange). The lasso post-processed version achieves similar error. The random
forest is outperformed by its post-processed version, but both fall short of the
other models.

function is

f(X) = 10 ·
5∏

j=1

e−2X2
j +

35∑

j=6

Xj , (16.13)

where X ∼ U [0, 1]100 (the last 65 elements are noise variables). The re-
sponse Y = f(X) + ε where ε ∼ N(0, σ2); we chose σ = 1.3 resulting in a
signal-to-noise ratio of approximately 2. We used a training sample of size
1000, and estimated the mean squared error E(f̂(X)−f(X))2 by averaging
over a test set of 500 samples. The sub-sampled GBM curve (light blue)
is an instance of stochastic gradient boosting (Friedman, 1999) discussed in
Section 10.12, and it outperforms gradient boosting on this example.
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16.3.2 Rule Ensembles

Here we describe a modification of the tree-ensemble method that focuses
on individual rules (Friedman and Popescu, 2003). We encountered rules
in Section 9.3 in the discussion of the PRIM method. The idea is to enlarge
an ensemble of trees by constructing a set of rules from each of the trees
in the collection.

1 2

3

0

4

5 6

X1 < 2.1 X1 ≥ 2.1

X3 ∈ {M,L}X3 ∈ {S}

X7 < 4.5 X7 ≥ 4.5

FIGURE 16.9. A typical tree in an ensemble, from which rules can be derived.

Figure 16.9 depicts a small tree, with numbered nodes. The following
rules can be derived from this tree:

R1(X) = I(X1 < 2.1)
R2(X) = I(X1 ≥ 2.1)
R3(X) = I(X1 ≥ 2.1) · I(X3 ∈ {S})
R4(X) = I(X1 ≥ 2.1) · I(X3 ∈ {M,L})
R5(X) = I(X1 ≥ 2.1) · I(X3 ∈ {S}) · I(X7 < 4.5)
R6(X) = I(X1 ≥ 2.1) · I(X3 ∈ {S}) · I(X7 ≥ 4.5)

(16.14)

A linear expansion in rules 1, 4, 5 and 6 is equivalent to the tree itself
(Exercise 16.3); hence (16.14) is an over-complete basis for the tree.
For each tree Tm in an ensemble T , we can construct its mini-ensemble

of rules T m
RULE

, and then combine them all to form a larger ensemble

TRULE =
M⋃

m=1

T m
RULE. (16.15)

This is then treated like any other ensemble, and post-processed via the
lasso or similar regularized procedure.
There are several advantages to this approach of deriving rules from the

more complex trees:

• The space of models is enlarged, and can lead to improved perfor-
mance.
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FIGURE 16.10. Mean squared error for rule ensembles, using 20 realizations
of the simulation example (16.13).

• Rules are easier to interpret than trees, so there is the potential for
a simplified model.

• It is often natural to augment T RULE by including each variable Xj

separately as well, thus allowing the ensemble to model linear func-
tions well.

Friedman and Popescu (2008) demonstrate the power of this procedure on a
number of illustrative examples, including the simulation example (16.13).
Figure 16.10 shows boxplots of the mean-squared error from the true model
for twenty realizations from this model. The models were all fit using the
Rulefit software, available on the ESL homepage3, which runs in an auto-
matic mode.
On the same training set as used in Figure 16.8, the rule based model

achieved a mean-squared error of 1.06. Although slightly worse than the
best achieved in that figure, the results are not comparable because cross-
validation was used here to select the final model.

Bibliographic Notes

As noted in the introduction, many of the new methods in machine learning
have been dubbed “ensemble” methods. These include neural networks
boosting, bagging and random forests; Dietterich (2000a) gives a survey of
tree-based ensemble methods. Neural networks (Chapter 11) are perhaps
more deserving of the name, since they simultaneously learn the parameters

3ESL homepage: www-stat.stanford.edu/ElemStatLearn
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of the hidden units (basis functions), along with how to combine them.
Bishop (2006) discusses neural networks in some detail, along with the
Bayesian perspective (MacKay, 1992; Neal, 1996). Support vector machines
(Chapter 12) can also be regarded as an ensemble method; they perform
L2 regularized model fitting in high-dimensional feature spaces. Boosting
and lasso exploit sparsity through L1 regularization to overcome the high-
dimensionality, while SVMs rely on the “kernel trick” characteristic of L2

regularization.
C5.0 (Quinlan, 2004) is a commercial tree and rule generation package,

with some goals in common with Rulefit.
There is a vast and varied literature often referred to as “combining clas-

sifiers” which abounds in ad-hoc schemes for mixing methods of different
types to achieve better performance. For a principled approach, see Kittler
et al. (1998).

Exercises

Ex. 16.1 Describe exactly how to generate the block correlated data used
in the simulation in Section 16.2.3.

Ex. 16.2 Let α(t) ∈ IRp be a piecewise-differentiable and continuous coef-
ficient profile, with α(0) = 0. The L1 arc-length of α from time 0 to t is
defined by

Λ(t) =

∫ t

0

|α̇(t)|1dt. (16.16)

Show that Λ(t) ≥ |α(t)|1, with equality iff α(t) is monotone.

Ex. 16.3 Show that fitting a linear regression model using rules 1, 4, 5 and
6 in equation (16.14) gives the same fit as the regression tree corresponding
to this tree. Show the same is true for classification, if a logistic regression
model is fit.

Ex. 16.4 Program and run the simulation study described in Figure 16.2.
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17
Undirected Graphical Models

17.1 Introduction

A graph consists of a set of vertices (nodes), along with a set of edges join-
ing some pairs of the vertices. In graphical models, each vertex represents
a random variable, and the graph gives a visual way of understanding the
joint distribution of the entire set of random variables. They can be use-
ful for either unsupervised or supervised learning. In an undirected graph,
the edges have no directional arrows. We restrict our discussion to undi-
rected graphical models, also known as Markov random fields or Markov
networks. In these graphs, the absence of an edge between two vertices has
a special meaning: the corresponding random variables are conditionally
independent, given the other variables.
Figure 17.1 shows an example of a graphical model for a flow-cytometry

dataset with p = 11 proteins measured on N = 7466 cells, from Sachs
et al. (2005). Each vertex in the graph corresponds to the real-valued ex-
pression level of a protein. The network structure was estimated assuming
a multivariate Gaussian distribution, using the graphical lasso procedure
discussed later in this chapter.
Sparse graphs have a relatively small number of edges, and are convenient

for interpretation. They are useful in a variety of domains, including ge-
nomics and proteomics, where they provide rough models of cell pathways.
Much work has been done in defining and understanding the structure of
graphical models; see the Bibliographic Notes for references.
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Jnk

FIGURE 17.1. Example of a sparse undirected graph, estimated from a flow
cytometry dataset, with p = 11 proteins measured on N = 7466 cells. The net-
work structure was estimated using the graphical lasso procedure discussed in this
chapter.

As we will see, the edges in a graph are parametrized by values or po-
tentials that encode the strength of the conditional dependence between
the random variables at the corresponding vertices. The main challenges in
working with graphical models are model selection (choosing the structure
of the graph), estimation of the edge parameters from data, and compu-
tation of marginal vertex probabilities and expectations, from their joint
distribution. The last two tasks are sometimes called learning and inference
in the computer science literature.
We do not attempt a comprehensive treatment of this interesting area.

Instead, we introduce some basic concepts, and then discuss a few sim-
ple methods for estimation of the parameters and structure of undirected
graphical models; methods that relate to the techniques already discussed
in this book. The estimation approaches that we present for continuous
and discrete-valued vertices are different, so we treat them separately. Sec-
tions 17.3.1 and 17.3.2 may be of particular interest, as they describe new,
regression-based procedures for estimating graphical models.
There is a large and active literature on directed graphical models or

Bayesian networks; these are graphical models in which the edges have
directional arrows (but no directed cycles). Directed graphical models rep-
resent probability distributions that can be factored into products of condi-
tional distributions, and have the potential for causal interpretations. We
refer the reader to Wasserman (2004) for a brief overview of both undi-
rected and directed graphs; the next section follows closely his Chapter 18.
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FIGURE 17.2. Examples of undirected graphical models or Markov networks.
Each node or vertex represents a random variable, and the lack of an edge between
two nodes indicates conditional independence. For example, in graph (a), X and
Z are conditionally independent, given Y . In graph (b), Z is independent of each
of X, Y , and W .

A longer list of useful references is given in the Bibliographic Notes on
page 645.

17.2 Markov Graphs and Their Properties

In this section we discuss the basic properties of graphs as models for the
joint distribution of a set of random variables. We defer discussion of (a)
parametrization and estimation of the edge parameters from data, and (b)
estimation of the topology of a graph, to later sections.
Figure 17.2 shows four examples of undirected graphs. A graph G consists

of a pair (V,E), where V is a set of vertices and E the set of edges (defined
by pairs of vertices). Two vertices X and Y are called adjacent if there
is a edge joining them; this is denoted by X ∼ Y . A path X1, X2, . . . , Xn

is a set of vertices that are joined, that is Xi−1 ∼ Xi for i = 2, . . . , n. A
complete graph is a graph with every pair of vertices joined by an edge.
A subgraph U ∈ V is a subset of vertices together with their edges. For
example, (X,Y, Z) in Figure 17.2(a) form a path but not a complete graph.
Suppose that we have a graph G whose vertex set V represents a set of

random variables having joint distribution P . In a Markov graph G, the
absence of an edge implies that the corresponding random variables are
conditionally independent given the variables at the other vertices. This is
expressed with the following notation:
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No edge joining X and Y ⇐⇒ X ⊥ Y |rest (17.1)

where “rest” refers to all of the other vertices in the graph. For example
in Figure 17.2(a) X ⊥ Z|Y . These are known as the pairwise Markov
independencies of G.
If A,B and C are subgraphs, then C is said to separate A and B if every

path between A and B intersects a node in C. For example, Y separates
X and Z in Figures 17.2(a) and (d), and Z separates Y and W in (d). In
Figure 17.2(b) Z is not connected to X,Y,W so we say that the two sets
are separated by the empty set. In Figure 17.2(c), C = {X,Z} separates
Y and W .
Separators have the nice property that they break the graph into con-

ditionally independent pieces. Specifically, in a Markov graph G with sub-
graphs A,B and C,

if C separates A and B then A ⊥ B|C. (17.2)

These are known as the global Markov properties of G. It turns out that the
pairwise and global Markov properties of a graph are equivalent (for graphs
with positive distributions). That is, the set of graphs with associated prob-
ability distributions that satisfy the pairwise Markov independencies and
global Markov assumptions are the same. This result is useful for inferring
global independence relations from simple pairwise properties. For example
in Figure 17.2(d) X ⊥ Z|{Y,W} since it is a Markov graph and there is no
link joining X and Z. But Y also separates X from Z and W and hence by
the global Markov assumption we conclude that X ⊥ Z|Y and X ⊥W |Y .
Similarly we have Y ⊥W |Z.

The global Markov property allows us to decompose graphs into smaller
more manageable pieces and thus leads to essential simplifications in com-
putation and interpretation. For this purpose we separate the graph into
cliques. A clique is a complete subgraph— a set of vertices that are all
adjacent to one another; it is called maximal if it is a clique and no other
vertices can be added to it and still yield a clique. The maximal cliques for
the graphs of Figure 17.2 are

(a) {X,Y }, {Y,Z},

(b) {X,Y,W}, {Z},

(c) {X,Y }, {Y,Z}, {Z,W}, {X,W}, and

(d) {X,Y }, {Y,Z}, {Z,W}.

Although the following applies to both continuous and discrete distri-
butions, much of the development has been for the latter. A probability
density function f over a Markov graph G can be can represented as
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f(x) =
1

Z

∏

C∈C

ψC(xC) (17.3)

where C is the set of maximal cliques, and the positive functions ψC(·) are
called clique potentials. These are not in general density functions1, but
rather are affinities that capture the dependence in XC by scoring certain
instances xC higher than others. The quantity

Z =
∑

x∈X

∏

C∈C

ψC(xC) (17.4)

is the normalizing constant, also known as the partition function. Alterna-
tively, the representation (17.3) implies a graph with independence prop-
erties defined by the cliques in the product. This result holds for Markov
networks G with positive distributions, and is known as the Hammersley-
Clifford theorem (Hammersley and Clifford, 1971; Clifford, 1990).
Many of the methods for estimation and computation on graphs first de-

compose the graph into its maximal cliques. Relevant quantities are com-
puted in the individual cliques and then accumulated across the entire
graph. A prominent example is the join tree or junction tree algorithm for
computing marginal and low order probabilities from the joint distribution
on a graph. Details can be found in Pearl (1986), Lauritzen and Spiegel-
halter (1988), Pearl (1988), Shenoy and Shafer (1988), Jensen et al. (1990),
or Koller and Friedman (2007).

X

Y

Z

FIGURE 17.3. A complete graph does not uniquely specify the higher-order
dependence structure in the joint distribution of the variables.

A graphical model does not always uniquely specify the higher-order
dependence structure of a joint probability distribution. Consider the com-
plete three-node graph in Figure 17.3. It could represent the dependence
structure of either of the following distributions:

f (2)(x, y, z) = 1
Zψ(x, y)ψ(x, z)ψ(y, z);

f (3)(x, y, z) = 1
Zψ(x, y, z).

(17.5)

The first specifies only second order dependence (and can be represented
with fewer parameters). Graphical models for discrete data are a special

1If the cliques are separated, then the potentials can be densities, but this is in general
not the case.
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case of loglinear models for multiway contingency tables (Bishop et al.,
1975, e.g.); in that language f (2) is referred to as the “no second-order
interaction” model.
For the remainder of this chapter we focus on pairwise Markov graphs

(Koller and Friedman, 2007). Here there is a potential function for each
edge (pair of variables as in f (2) above), and at most second–order interac-
tions are represented. These are more parsimonious in terms of parameters,
easier to work with, and give the minimal complexity implied by the graph
structure. The models for both continuous and discrete data are functions
of only the pairwise marginal distributions of the variables represented in
the edge set.

17.3 Undirected Graphical Models for Continuous
Variables

Here we consider Markov networks where all the variables are continuous.
The Gaussian distribution is almost always used for such graphical models,
because of its convenient analytical properties. We assume that the observa-
tions have a multivariate Gaussian distribution with mean µ and covariance
matrix Σ. Since the Gaussian distribution represents at most second-order
relationships, it automatically encodes a pairwise Markov graph. The graph
in Figure 17.1 is an example of a Gaussian graphical model.
The Gaussian distribution has the property that all conditional distri-

butions are also Gaussian. The inverse covariance matrix Σ−1 contains
information about the partial covariances between the variables; that is,
the covariances between pairs i and j, conditioned on all other variables.
In particular, if the ijth component ofΘ = Σ−1 is zero, then variables i and
j are conditionally independent, given the other variables (Exercise 17.3).

It is instructive to examine the conditional distribution of one variable
versus the rest, where the role of Θ is explicit. Suppose we partition X =
(Z, Y ) where Z = (X1, . . . , Xp−1) consists of the first p − 1 variables and
Y = Xp is the last. Then we have the conditional distribution of Y give Z
(Mardia et al., 1979, e.g.)

Y |Z = z ∼ N
(
µY + (z − µZ)

TΣ−1
ZZσZY , σY Y − σT

ZY Σ
−1
ZZσZY

)
, (17.6)

where we have partitioned Σ as

Σ =

(
ΣZZ σZY

σT
ZY σY Y

)
. (17.7)

The conditional mean in (17.6) has exactly the same form as the pop-
ulation multiple linear regression of Y on Z, with regression coefficient
β = Σ−1

ZZσZY [see (2.16) on page 19]. If we partition Θ in the same way,
since ΣΘ = I standard formulas for partitioned inverses give
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θZY = −θY Y ·Σ−1
ZZσZY , (17.8)

where 1/θY Y = σY Y − σT
ZY Σ

−1
ZZσZY > 0. Hence

β = Σ−1
ZZσZY

= −θZY /θY Y .
(17.9)

We have learned two things here:

• The dependence of Y on Z in (17.6) is in the mean term alone. Here
we see explicitly that zero elements in β and hence θZY mean that
the corresponding elements of Z are conditionally independent of Y ,
given the rest.

• We can learn about this dependence structure through multiple linear
regression.

Thus Θ captures all the second-order information (both structural and
quantitative) needed to describe the conditional distribution of each node
given the rest, and is the so-called “natural” parameter for the Gaussian
graphical model2.
Another (different) kind of graphical model is the covariance graph or rel-

evance network, in which vertices are connected by bidirectional edges if the
covariance (rather than the partial covariance) between the corresponding
variables is nonzero. These are popular in genomics, see especially Butte
et al. (2000). The negative log-likelihood from these models is not convex,
making the computations more challenging (Chaudhuri et al., 2007).

17.3.1 Estimation of the Parameters when the Graph
Structure is Known

Given some realizations of X, we would like to estimate the parameters
of an undirected graph that approximates their joint distribution. Suppose
first that the graph is complete (fully connected). We assume that we have
N multivariate normal realizations xi, i = 1, . . . , N with population mean
µ and covariance Σ. Let

S =
1

N

N∑

i=1

(xi − x̄)(xi − x̄)T (17.10)

be the empirical covariance matrix, with x̄ the sample mean vector. Ignoring
constants, the log-likelihood of the data can be written as

2The distribution arising from a Gaussian graphical model is a Wishart distribution.

This is a member of the exponential family, with canonical or “natural” parameter
Θ = Σ−1. Indeed, the partially maximized log-likelihood (17.11) is (up to constants)
the Wishart log-likelihood.
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ℓ(Θ) = log detΘ− trace(SΘ). (17.11)

In (17.11) we have partially maximized with respect to the mean parameter
µ. The quantity −ℓ(Θ) is a convex function of Θ. It is easy to show that
the maximum likelihood estimate of Σ is simply S.
Now to make the graph more useful (especially in high-dimensional set-

tings) let’s assume that some of the edges are missing; for example, the
edge between PIP3 and Erk is one of several missing in Figure 17.1. As we
have seen, for the Gaussian distribution this implies that the correspond-
ing entries of Θ = Σ−1 are zero. Hence we now would like to maximize
(17.11) under the constraints that some pre-defined subset of the parame-
ters are zero. This is an equality-constrained convex optimization problem,
and a number of methods have been proposed for solving it, in particular
the iterative proportional fitting procedure (Speed and Kiiveri, 1986). This
and other methods are summarized for example in Whittaker (1990) and
Lauritzen (1996). These methods exploit the simplifications that arise from
decomposing the graph into its maximal cliques, as described in the previ-
ous section. Here we outline a simple alternate approach, that exploits the
sparsity in a different way. The fruits of this approach will become apparent
later when we discuss the problem of estimation of the graph structure.
The idea is based on linear regression, as inspired by (17.6) and (17.9).

In particular, suppose that we want to estimate the edge parameters θij for
the vertices that are joined to a given vertex i, restricting those that are not
joined to be zero. Then it would seem that the linear regression of the node
i values on the other relevant vertices might provide a reasonable estimate.
But this ignores the dependence structure among the predictors in this
regression. It turns out that if instead we use our current (model-based)
estimate of the cross-product matrix of the predictors when we perform
our regressions, this gives the correct solutions and solves the constrained
maximum-likelihood problem exactly. We now give details.
To constrain the log-likelihood (17.11), we add Lagrange constants for

all missing edges

ℓC(Θ) = log detΘ− trace(SΘ)−
∑

(j,k) 6∈E

γjkθjk. (17.12)

The gradient equation for maximizing (17.12) can be written as

Θ−1 − S− Γ = 0, (17.13)

using the fact that the derivative of log detΘ equals Θ−1 (Boyd and Van-
denberghe, 2004, for example, page 641). Γ is a matrix of Lagrange param-
eters with nonzero values for all pairs with edges absent.
We will show how we can use regression to solve for Θ and its inverse

W = Θ−1 one row and column at a time. For simplicity let’s focus on the
last row and column. Then the upper right block of equation (17.13) can
be written as
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w12 − s12 − γ12 = 0. (17.14)

Here we have partitioned the matrices into two parts as in (17.7): part 1
being the first p−1 rows and columns, and part 2 the pth row and column.
With W and its inverse Θ partitioned in a similar fashion, we have

(
W11 w12

wT
12 w22

)(
Θ11 θ12
θT12 θ22

)
=

(
I 0
0T 1

)
. (17.15)

This implies

w12 = −W11θ12/θ22 (17.16)

= W11β (17.17)

where β = −θ12/θ22 as in (17.9). Now substituting (17.17) into (17.14)
gives

W11β − s12 − γ12 = 0. (17.18)

These can be interpreted as the p − 1 estimating equations for the con-
strained regression of Xp on the other predictors, except that the observed
mean cross-products matrix S11 is replaced by W11, the current estimated
covariance matrix from the model.
Now we can solve (17.18) by simple subset regression. Suppose there are

p−q nonzero elements in γ12—i.e., p−q edges constrained to be zero. These
p− q rows carry no information and can be removed. Furthermore we can
reduce β to β∗ by removing its p − q zero elements, yielding the reduced
q × q system of equations

W∗
11β

∗ − s∗12 = 0, (17.19)

with solution β̂∗ = W∗
11

−1s∗12. This is padded with p− q zeros to give β̂.
Although it appears from (17.16) that we only recover the elements θ12

up to a scale factor 1/θ22, it is easy to show that

1

θ22
= w22 − wT

12β (17.20)

(using partitioned inverse formulas). Also w22 = s22, since the diagonal of
Γ in (17.13) is zero.
This leads to the simple iterative procedure given in Algorithm 17.1 for

estimating both Ŵ and its inverse Θ̂, subject to the constraints of the
missing edges.
Note that this algorithm makes conceptual sense. The graph estimation

problem is not p separate regression problems, but rather p coupled prob-
lems. The use of the common W in step (b), in place of the observed
cross-products matrix, couples the problems together in the appropriate
fashion. Surprisingly, we were not able to find this procedure in the lit-
erature. However it is related to the covariance selection procedures of
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Algorithm 17.1 A Modified Regression Algorithm for Estimation of an
Undirected Gaussian Graphical Model with Known Structure.

1. Initialize W = S.

2. Repeat for j = 1, 2, . . . , p until convergence:

(a) Partition the matrix W into part 1: all but the jth row and
column, and part 2: the jth row and column.

(b) Solve W∗
11β

∗ − s∗12 = 0 for the unconstrained edge parameters
β∗, using the reduced system of equations as in (17.19). Obtain

β̂ by padding β̂∗ with zeros in the appropriate positions.

(c) Update w12 = W11β̂

3. In the final cycle (for each j) solve for θ̂12 = −β̂ · θ̂22, with 1/θ̂22 =

s22 − wT
12β̂.

X1

X2X3

X4

S =




10 1 5 4
1 10 2 6
5 2 10 3
4 6 3 10




FIGURE 17.4. A simple graph for illustration, along with the empirical covari-
ance matrix.

Dempster (1972), and is similar in flavor to the iterative conditional fitting
procedure for covariance graphs, proposed by Chaudhuri et al. (2007).

Here is a little example, borrowed from Whittaker (1990). Suppose that
our model is as depicted in Figure 17.4, along with its empirical covariance
matrix S. We apply algorithm (17.1) to this problem; for example, in the
modified regression for variable 1 in step (b), variable 3 is left out. The
procedure quickly converged to the solutions:

Σ̂ =



10.00 1.00 1.31 4.00
1.00 10.00 2.00 0.87
1.31 2.00 10.00 3.00
4.00 0.87 3.00 10.00


, Σ̂−1 =




0.12 −0.01 0.00 −0.05
−0.01 0.11 −0.02 0.00
0.00 −0.02 0.11 −0.03
−0.05 0.00 −0.03 0.13


 .

Note the zeroes in Σ̂−1, corresponding to the missing edges (1,3) and (2,4).

Note also that the corresponding elements in Σ̂ are the only elements dif-
ferent from S. The estimation of Σ̂ is an example of what is sometimes
called the positive definite “completion” of S.
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17.3.2 Estimation of the Graph Structure

In most cases we do not know which edges to omit from our graph, and
so would like to try to discover this from the data itself. In recent years a
number of authors have proposed the use of L1 (lasso) regularization for
this purpose.
Meinshausen and Bühlmann (2006) take a simple approach to the prob-

lem: rather than trying to fully estimate Σ or Θ = Σ−1, they only estimate
which components of θij are nonzero. To do this, they fit a lasso regression
using each variable as the response and the others as predictors. The com-
ponent θij is then estimated to be nonzero if either the estimated coefficient
of variable i on j is nonzero, or the estimated coefficient of variable j on
i is nonzero (alternatively they use an and rule). They show that asymp-
totically this procedure consistently estimates the set of nonzero elements
of Θ.
We can take a more systematic approach with the lasso penalty, following

the development of the previous section. Consider maximizing the penalized
log-likelihood

log detΘ− trace(SΘ)− λ||Θ||1, (17.21)

where ||Θ||1 is the L1 norm—the sum of the absolute values of the elements
of Σ−1, and we have ignored constants. The negative of this penalized
likelihood is a convex function of Θ.

It turns out that one can adapt the lasso to give the exact maximizer of
the penalized log-likelihood. In particular, we simply replace the modified
regression step (b) in Algorithm 17.1 by a modified lasso step. Here are the
details.
The analog of the gradient equation (17.13) is now

Θ−1 − S− λ · Sign(Θ) = 0. (17.22)

Here we use sub-gradient notation, with Sign(θjk) = sign(θjk) if θjk 6= 0,
else Sign(θjk) ∈ [−1, 1] if θjk = 0. Continuing the development in the
previous section, we reach the analog of (17.18)

W11β − s12 + λ · Sign(β) = 0 (17.23)

(recall that β and θ12 have opposite signs). We will now see that this system
is exactly equivalent to the estimating equations for a lasso regression.
Consider the usual regression setup with outcome variables y and pre-

dictor matrix Z. There the lasso minimizes

1
2 (y − Zβ)T (y − Zβ) + λ · ||β||1 (17.24)

[see (3.52) on page 68; here we have added a factor 1
2 for convenience]. The

gradient of this expression is
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Algorithm 17.2 Graphical Lasso.

1. Initialize W = S + λI. The diagonal of W remains unchanged in
what follows.

2. Repeat for j = 1, 2, . . . p, 1, 2, . . . p, . . . until convergence:

(a) Partition the matrix W into part 1: all but the jth row and
column, and part 2: the jth row and column.

(b) Solve the estimating equations W11β − s12 + λ · Sign(β) = 0
using the cyclical coordinate-descent algorithm (17.26) for the
modified lasso.

(c) Update w12 = W11β̂

3. In the final cycle (for each j) solve for θ̂12 = −β̂ · θ̂22, with 1/θ̂22 =

w22 − wT
12β̂.

ZTZβ − ZTy + λ · Sign(β) = 0 (17.25)

So up to a factor 1/N , ZTy is the analog of s12, and we replace ZTZ by
W11, the estimated cross-product matrix from our current model.
The resulting procedure is called the graphical lasso, proposed by Fried-

man et al. (2008b) building on the work of Banerjee et al. (2008). It is
summarized in Algorithm 17.2.
Friedman et al. (2008b) use the pathwise coordinate descent method

(Section 3.8.6) to solve the modified lasso problem at each stage. Here are
the details of pathwise coordinate descent for the graphical lasso algorithm.
Letting V = W11, the update has the form

β̂j ← S
(
s12j −

∑

k 6=j

Vkj β̂k, λ
)
/Vjj (17.26)

for j = 1, 2, . . . , p − 1, 1, 2, . . . , p − 1, . . ., where S is the soft-threshold
operator:

S(x, t) = sign(x)(|x| − t)+. (17.27)

The procedure cycles through the predictors until convergence.
It is easy to show that the diagonal elements wjj of the solution matrix

W are simply sjj + λ, and these are fixed in step 1 of Algorithm 17.23.
The graphical lasso algorithm is extremely fast, and can solve a moder-

ately sparse problem with 1000 nodes in less than a minute. It is easy to
modify the algorithm to have edge-specific penalty parameters λjk; since

3An alternative formulation of the problem (17.21) can be posed, where we don’t
penalize the diagonal of Θ. Then the diagonal elements wjj of the solution matrix are
sjj , and the rest of the algorithm is unchanged.
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λjk =∞ will force θ̂jk to be zero, this algorithm subsumes Algorithm 17.1.
By casting the sparse inverse-covariance problem as a series of regressions,
one can also quickly compute and examine the solution paths as a function
of the penalty parameter λ. More details can be found in Friedman et al.
(2008b).
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FIGURE 17.5. Four different graphical-lasso solutions for the flow-cytometry
data.

Figure 17.1 shows the result of applying the graphical lasso to the flow-
cytometry dataset. Here the lasso penalty parameter λ was set at 14. In
practice it is informative to examine the different sets of graphs that are
obtained as λ is varied. Figure 17.5 shows four different solutions. The
graph becomes more sparse as the penalty parameter is increased.

Finally note that the values at some of the nodes in a graphical model can
be unobserved; that is, missing or hidden. If only some values are missing
at a node, the EM algorithm can be used to impute the missing values
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(Exercise 17.9). However, sometimes the entire node is hidden or latent.
In the Gaussian model, if a node has all missing values, due to linearity
one can simply average over the missing nodes to yield another Gaussian
model over the observed nodes. Hence the inclusion of hidden nodes does
not enrich the resulting model for the observed nodes; in fact, it imposes
additional structure on its covariance matrix. However in the discrete model
(described next) the inherent nonlinearities make hidden units a powerful
way of expanding the model.

17.4 Undirected Graphical Models for Discrete
Variables

Undirected Markov networks with all discrete variables are popular, and
in particular pairwise Markov networks with binary variables being the
most common. They are sometimes called Ising models in the statistical
mechanics literature, and Boltzmann machines in the machine learning lit-
erature, where the vertices are referred to as “nodes” or “units” and are
binary-valued.
In addition, the values at each node can be observed (“visible”) or un-

observed (“hidden”). The nodes are often organized in layers, similar to a
neural network. Boltzmann machines are useful both for unsupervised and
supervised learning, especially for structured input data such as images,
but have been hampered by computational difficulties. Figure 17.6 shows
a restricted Boltzmann machine (discussed later), in which some variables
are hidden, and only some pairs of nodes are connected. We first consider
the simpler case in which all p nodes are visible with edge pairs (j, k) enu-
merated in E.
Denoting the binary valued variable at node j by Xj , the Ising model

for their joint probabilities is given by

p(X,Θ) = exp
[ ∑

(j,k)∈E

θjkXjXk − Φ(Θ)
]
for X ∈ X , (17.28)

with X = {0, 1}p. As with the Gaussian model of the previous section,
only pairwise interactions are modeled. The Ising model was developed in
statistical mechanics, and is now used more generally to model the joint
effects of pairwise interactions. Φ(Θ) is the log of the partition function,
and is defined by

Φ(Θ) = log
∑

x∈X

[
exp
( ∑

(j,k)∈E

θjkxjxk

)]
. (17.29)

The partition function ensures that the probabilities add to one over the
sample space. The terms θjkXjXk represent a particular parametrization
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of the (log) potential functions (17.5), and for technical reasons requires
a constant node X0 ≡ 1 to be included (Exercise 17.10), with “edges” to
all the other nodes. In the statistics literature, this model is equivalent
to a first-order-interaction Poisson log-linear model for multiway tables of
counts (Bishop et al., 1975; McCullagh and Nelder, 1989; Agresti, 2002).
The Ising model implies a logistic form for each node conditional on the

others (exercise 17.11):

Pr(Xj = 1|X−j = x−j) =
1

1 + exp(−θj0 −
∑

(j,k)∈E θjkxk)
, (17.30)

where X−j denotes all of the nodes except j. Hence the parameter θjk
measures the dependence of Xj on Xk, conditional on the other nodes.

17.4.1 Estimation of the Parameters when the Graph
Structure is Known

Given some data from this model, how can we estimate the parameters?
Suppose we have observations xi = (xi1, xi2, . . . , xip) ∈ {0, 1}p, i = 1, . . . , N .
The log-likelihood is

ℓ(Θ) =

N∑

i=1

log PrΘ(Xi = xi)

=

N∑

i=1


 ∑

(j,k)∈E

θjkxijxik − Φ(Θ)


 (17.31)

The gradient of the log-likelihood is

∂ℓ(Θ)

∂θjk
=

N∑

i=1

xijxik −N
∂Φ(Θ)

∂θjk
(17.32)

and

∂Φ(Θ)

∂θjk
=

∑

x∈X

xjxk · p(x,Θ)

= EΘ(XjXk) (17.33)

Setting the gradient to zero gives

Ê(XjXk)− EΘ(XjXk) = 0 (17.34)

where we have defined
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Ê(XjXk) =
1

N

N∑

i=1

xijxik, (17.35)

the expectation taken with respect to the empirical distribution of the data.
Looking at (17.34), we see that the maximum likelihood estimates simply
match the estimated inner products between the nodes to their observed
inner products. This is a standard form for the score (gradient) equation
for exponential family models, in which sufficient statistics are set equal to
their expectations under the model.
To find the maximum likelihood estimates, we can use gradient search

or Newton methods. However the computation of EΘ(XjXk) involves enu-
meration of p(X,Θ) over 2p−2 of the |X | = 2p possible values of X, and is
not generally feasible for large p (e.g., larger than about 30). For smaller
p, a number of standard statistical approaches are available:

Poisson log-linear modeling, where we treat the problem as a large regres-
sion problem (Exercise 17.12). The response vector y is the vector of
2p counts in each of the cells of the multiway tabulation of the data4.
The predictor matrix Z has 2p rows and up to 1+p+p2 columns that
characterize each of the cells, although this number depends on the
sparsity of the graph. The computational cost is essentially that of a
regression problem of this size, which is O(p42p) and is manageable
for p < 20. The Newton updates are typically computed by iteratively
reweighted least squares, and the number of steps is usually in the
single digits. See Agresti (2002) and McCullagh and Nelder (1989) for
details. Standard software (such as the R package glm) can be used
to fit this model.

Gradient descent requires at most O(p22p−2) computations to compute
the gradient, but may require many more gradient steps than the
second–order Newton methods. Nevertheless, it can handle slightly
larger problems with p ≤ 30. These computations can be reduced
by exploiting the special clique structure in sparse graphs, using the
junction-tree algorithm. Details are not given here.

Iterative proportional fitting (IPF) performs cyclical coordinate descent on
the gradient equations (17.34). At each step a parameter is updated
so that its gradient equation is exactly zero. This is done in a cyclical
fashion until all the gradients are zero. One complete cycle costs the
same as a gradient evaluation, but may be more efficient. Jirouśek and
Přeučil (1995) implement an efficient version of IPF, using junction
trees.

4Each of the cell counts is treated as an independent Poisson variable. We get the
multinomial model corresponding to (17.28) by conditioning on the total count N (which
is also Poisson under this framework).
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When p is large (> 30) other approaches have been used to approximate
the gradient.

• The mean field approximation (Peterson and Anderson, 1987) esti-
mates EΘ(XjXk) by EΘ(Xj)EΘ(Xj), and replaces the input vari-
ables by their means, leading to a set of nonlinear equations for the
parameters θjk.

• To obtain near-exact solutions, Gibbs sampling (Section 8.6) is used
to approximate EΘ(XjXk) by successively sampling from the esti-
mated model probabilities PrΘ(Xj |X−j) (see e.g. Ripley (1996)).

We have not discussed decomposable models, for which the maximum
likelihood estimates can be found in closed form without any iteration
whatsoever. These models arise, for example, in trees: special graphs with
tree-structured topology. When computational tractability is a concern,
trees represent a useful class of models and they sidestep the computational
concerns raised in this section. For details, see for example Chapter 12 of
Whittaker (1990).

17.4.2 Hidden Nodes

We can increase the complexity of a discrete Markov network by including
latent or hidden nodes. Suppose that a subset of the variables XH are
unobserved or “hidden”, and the remainder XV are observed or “visible.”
Then the log-likelihood of the observed data is

ℓ(Θ) =

N∑

i=1

log[PrΘ(XV = xiV)]

=
N∑

i=1

[
log

∑

xH∈XH

exp
∑

(j,k)∈E

(θjkxijxik − Φ(Θ))
]
. (17.36)

The sum over xH means that we are summing over all possible {0, 1} values
for the hidden units. The gradient works out to be

dℓ(Θ)

dθjk
= ÊVEΘ(XjXk|XV)− EΘ(XjXk) (17.37)

The first term is an empirical average of XjXk if both are visible; if one
or both are hidden, they are first imputed given the visible data, and then
averaged over the hidden variables. The second term is the unconditional
expectation of XjXk.
The inner expectation in the first term can be evaluated using basic rules

of conditional expectation and properties of Bernoulli random variables. In
detail, for observation i
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EΘ(XjXk|XV = xiV) =
{ xijxik if j, k ∈ V
xijPrΘ(Xk = 1|XV = xiV) if j ∈ V, k ∈ H
PrΘ(Xj = 1, Xk = 1|XV = xiV) if j, k ∈ H.

(17.38)
Now two separate runs of Gibbs sampling are required; the first to estimate
EΘ(XjXk) by sampling from the model as above, and the second to esti-
mate EΘ(XjXk|XV = xiV). In this latter run, the visible units are fixed
(“clamped”) at their observed values and only the hidden variables are
sampled. Gibbs sampling must be done for each observation in the training
set, at each stage of the gradient search. As a result this procedure can be
very slow, even for moderate-sized models. In Section 17.4.4 we consider
further model restrictions to make these computations manageable.

17.4.3 Estimation of the Graph Structure

The use of a lasso penalty with binary pairwise Markov networks has been
suggested by Lee et al. (2007) and Wainwright et al. (2007). The first au-
thors investigate a conjugate gradient procedure for exact maximization of
a penalized log-likelihood. The bottleneck is the computation of EΘ(XjXk)
in the gradient; exact computation via the junction tree algorithm is man-
ageable for sparse graphs but becomes unwieldy for dense graphs.

The second authors propose an approximate solution, analogous to the
Meinshausen and Bühlmann (2006) approach for the Gaussian graphical
model. They fit an L1-penalized logistic regression model to each node as
a function of the other nodes, and then symmetrize the edge parameter
estimates in some fashion. For example if θ̃jk is the estimate of the j-k
edge parameter from the logistic model for outcome node j, the “min”
symmetrization sets θ̂jk to either θ̃jk or θ̃kj , whichever is smallest in abso-
lute value. The “max” criterion is defined similarly. They show that under
certain conditions either approximation estimates the nonzero edges cor-
rectly as the sample size goes to infinity. Hoefling and Tibshirani (2008)
extend the graphical lasso to discrete Markov networks, obtaining a pro-
cedure which is somewhat faster than conjugate gradients, but still must
deal with computation of EΘ(XjXk). They also compare the exact and
approximate solutions in an extensive simulation study and find the “min”
or “max” approximations are only slightly less accurate than the exact pro-
cedure, both for estimating the nonzero edges and for estimating the actual
values of the edge parameters, and are much faster. Furthermore, they can
handle denser graphs because they never need to compute the quantities
EΘ(XjXk).
Finally, we point out a key difference between the Gaussian and binary

models. In the Gaussian case, bothΣ and its inverse will often be of interest,
and the graphical lasso procedure delivers estimates for both of these quan-
tities. However, the approximation of Meinshausen and Bühlmann (2006)
for Gaussian graphical models, analogous to the Wainwright et al. (2007)
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FIGURE 17.6. A restricted Boltzmann machine (RBM) in which there are no
connections between nodes in the same layer. The visible units are subdivided to
allow the RBM to model the joint density of feature V1 and their labels V2.

approximation for the binary case, only yields an estimate of Σ−1. In con-
trast, in the Markov model for binary data, Θ is the object of interest, and
its inverse is not of interest. The approximate method of Wainwright et al.
(2007) estimates Θ efficiently and hence is an attractive solution for the
binary problem.

17.4.4 Restricted Boltzmann Machines

In this section we consider a particular architecture for graphical models
inspired by neural networks, where the units are organized in layers. A
restricted Boltzmann machine (RBM) consists of one layer of visible units
and one layer of hidden units with no connections within each layer. It
is much simpler to compute the conditional expectations (as in 17.37 and
17.38) if the connections between hidden units are removed 5. Figure 17.6
shows an example; the visible layer is divided into input variables V1 and
output variables V2, and there is a hidden layer H. We denote such a
network by

V1 ↔ H↔ V2. (17.39)

For example, V1 could be the binary pixels of an image of a handwritten
digit, and V2 could have 10 units, one for each of the observed class labels
0-9.
The restricted form of this model simplifies the Gibbs sampling for es-

timating the expectations in (17.37), since the variables in each layer are
independent of one another, given the variables in the other layers. Hence
they can be sampled together, using the conditional probabilities given by
expression (17.30).
The resulting model is less general than a Boltzmann machine, but is still

useful; for example it can learn to extract interesting features from images.

5We thank Geoffrey Hinton for assistance in the preparation of the material on RBMs.
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By alternately sampling the variables in each layer of the RBM shown
in Figure 17.6, it is possible to generate samples from the joint density
model. If the V1 part of the visible layer is clamped at a particular feature
vector during the alternating sampling, it is possible to sample from the
distribution over labels given V1. Alternatively classification of test items
can also be achieved by comparing the unnormalized joint densities of each
label category with the observed features. We do not need to compute the
partition function as it is the same for all of these combinations.

As noted the restricted Boltzmann machine has the same generic form
as a single hidden layer neural network (Section 11.3). The edges in the
latter model are directed, the hidden units are usually real-valued, and the
fitting criterion is different. The neural network minimizes the error (cross-
entropy) between the targets and their model predictions, conditional on
the input features. In contrast, the restricted Boltzmann machine maxi-
mizes the log-likelihood for the joint distribution of all visible units—that
is, the features and targets. It can extract information from the input fea-
tures that is useful for predicting the labels, but, unlike supervised learning
methods, it may also use some of its hidden units to model structure in the
feature vectors that is not immediately relevant for predicting the labels.
These features may turn out to be useful, however, when combined with
features derived from other hidden layers.
Unfortunately, Gibbs sampling in a restricted Boltzmann machine can

be very slow, as it can take a long time to reach stationarity. As the net-
work weights get larger, the chain mixes more slowly and we need to run
more steps to get the unconditional estimates. Hinton (2002) noticed em-
pirically that learning still works well if we estimate the second expectation
in (17.37) by starting the Markov chain at the data and only running for a
few steps (instead of to convergence). He calls this contrastive divergence:
we sample H given V1,V2, then V1,V2 given H and finally H given V1,V2
again. The idea is that when the parameters are far from the solution, it
may be wasteful to iterate the Gibbs sampler to stationarity, as just a single
iteration will reveal a good direction for moving the estimates.
We now give an example to illustrate the use of an RBM. Using con-

trastive divergence, it is possible to train an RBM to recognize hand-written
digits from the MNIST dataset (LeCun et al., 1998). With 2000 hidden
units, 784 visible units for representing binary pixel intensities and one
10-way multinomial visible unit for representing labels, the RBM achieves
an error rate of 1.9% on the test set. This is a little higher than the 1.4%
achieved by a support vector machine and comparable to the error rate
achieved by a neural network trained with backpropagation. The error rate
of the RBM, however, can be reduced to 1.25% by replacing the 784 pixel
intensities by 500 features that are produced from the images without using
any label information. First, an RBM with 784 visible units and 500 hidden
units is trained, using contrastive divergence, to model the set of images.
Then the hidden states of the first RBM are used as data for training a



Exercises 645

FIGURE 17.7. Example of a restricted Boltzmann machine for handwritten
digit classification. The network is depicted in the schematic on the left. Displayed
on the right are some difficult test images that the model classifies correctly.

second RBM that has 500 visible units and 500 hidden units. Finally, the
hidden states of the second RBM are used as the features for training an
RBM with 2000 hidden units as a joint density model. The details and
justification for learning features in this greedy, layer-by-layer way are de-
scribed in Hinton et al. (2006). Figure 17.7 gives a representation of the
composite model that is learned in this way and also shows some examples
of the types of distortion that it can cope with.
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graphical models. Comprehensive treatments of graphical models can be
found in Whittaker (1990), Lauritzen (1996), Cox and Wermuth (1996),
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chapter on topics in graphical models that relate to machine learning. We
found this particularly useful for its discussion of Boltzmann machines.

Exercises

Ex. 17.1 For the Markov graph of Figure 17.8, list all of the implied condi-
tional independence relations and find the maximal cliques.
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Ex. 17.2 Consider random variables X1, X2, X3, X4. In each of the following
cases draw a graph that has the given independence relations:

(a) X1 ⊥ X3|X2 and X2 ⊥ X4|X3.

(b) X1 ⊥ X4|X2, X3 and X2 ⊥ X4|X1, X3.

(c) X1 ⊥ X4|X2, X3, X1 ⊥ X3|X2, X4 and X3 ⊥ X4|X1, X2.

Ex. 17.3 Let Σ be the covariance matrix of a set of p variables X. Consider
the partial covariance matrix Σa.b = Σaa −ΣabΣ

−1
bb Σba between the two

subsets of variables Xa = (X1, X2) consisting of the first two, and Xb

the rest. This is the covariance matrix between these two variables, after
linear adjustment for all the rest. In the Gaussian distribution, this is the
covariance matrix of the conditional distribution of Xa|Xb. The partial
correlation coefficient ρjk|rest between the pair Xa conditional on the rest

Xb, is simply computed from this partial covariance. Define Θ = Σ−1.

1. Show that Σa.b = Θ−1
aa .

2. Show that if any off-diagonal element of Θ is zero, then the partial
correlation coefficient between the corresponding variables is zero.

3. Show that if we treatΘ as if it were a covariance matrix, and compute
the corresponding “correlation” matrix

R = diag(Θ)−1/2 ·Θ · diag(Θ)−1/2, (17.40)

then rjk = −ρjk|rest
Ex. 17.4 Denote by

f(X1|X2, X3, . . . , Xp)

the conditional density of X1 given X2, . . . , Xp. If

f(X1|X2, X3, . . . , Xp) = f(X1|X3, . . . , Xp),

show that X1 ⊥ X2|X3, . . . , Xp.
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Ex. 17.5 Consider the setup in Section 17.3.1 with no missing edges. Show
that

S11β − s12 = 0

are the estimating equations for the multiple regression coefficients of the
last variable on the rest.

Ex. 17.6 Recovery of Θ̂ = Σ̂−1 from Algorithm 17.1. Use expression (17.16)
to derive the standard partitioned inverse expressions

θ12 = −W−1
11 w12θ22 (17.41)

θ22 = 1/(w22 − wT
12W

−1
11 w12). (17.42)

Since β̂ = W−1
11 w12, show that θ̂22 = 1/(w22 − wT

12β̂) and θ̂12 = −β̂θ̂22.
Thus θ̂12 is a simply rescaling of β̂ by −θ̂22.

Ex. 17.7 Write a program to implement the modified regression procedure
(17.1) for fitting the Gaussian graphical model with pre-specified edges
missing. Test it on the flow cytometry data from the book website, using
the graph of Figure 17.1.

Ex. 17.8

(a) Write a program to fit the lasso using the coordinate descent procedure
(17.26). Compare its results to those from the lars program or some
other convex optimizer, to check that it is working correctly.

(b) Using the program from (a), write code to implement the graphical
lasso algorithm (17.2). Apply it to the flow cytometry data from the
book website. Vary the regularization parameter and examine the
resulting networks.

Ex. 17.9 Suppose that we have a Gaussian graphical model in which some
or all of the data at some vertices are missing.

(a) Consider the EM algorithm for a dataset of N i.i.d. multivariate ob-
servations xi ∈ IRp with mean µ and covariance matrix Σ. For each
sample i, let oi and mi index the predictors that are observed and
missing, respectively. Show that in the E step, the observations are
imputed from the current estimates of µ and Σ:

x̂i,mi
= E(xi,mi

|xi,oi , θ) = µ̂mi
+ Σ̂mi,oiΣ̂

−1
oi,oi(xi,oi − µ̂oi)

(17.43)

while in the M step, µ and Σ are re-estimated from the empirical
mean and (modified) covariance of the imputed data:

µ̂j =

N∑

i=1

x̂ij/N
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Σ̂jj′ =

N∑

i=1

[(x̂ij − µ̂j)(x̂ij′ − µ̂j′) + ci,jj′ ]/N (17.44)

where ci,jj′ = Σ̂jj′ if j, j
′ ∈ mi and zero otherwise. Explain the reason

for the correction term ci,jj′ (Little and Rubin, 2002).

(b) Implement the EM algorithm for the Gaussian graphical model using
the modified regression procedure from Exercise 17.7 for the M-step.

(c) For the flow cytometry data on the book website, set the data for the
last protein Jnk in the first 1000 observations to missing, fit the model
of Figure 17.1, and compare the predicted values to the actual values
for Jnk. Compare the results to those obtained from a regression of
Jnk on the other vertices with edges to Jnk in Figure 17.1, using only
the non-missing data.

Ex. 17.10 Using a simple binary graphical model with just two variables,
show why it is essential to include a constant node X0 ≡ 1 in the model.

Ex. 17.11 Show that the Ising model (17.28) for the joint probabilities in
a discrete graphical model implies that the conditional distributions have
the logistic form (17.30).

Ex. 17.12 Consider a Poisson regression problem with p binary variables
xij , j = 1, . . . , p and response variable yi which measures the number of
observations with predictor xi ∈ {0, 1}p. The design is balanced, in that all
n = 2p possible combinations are measured. We assume a log-linear model
for the Poisson mean in each cell

log µ(X) = θ00 +
∑

(j,k)∈E

xijxikθjk, (17.45)

using the same notation as in Section 17.4.1 (including the constant variable
xi0 = 1∀i). We assume the response is distributed as

Pr(Y = y|X = x) =
e−µ(x)µ(x)y

y!
. (17.46)

Write down the conditional log-likelihood for the observed responses yi,
and compute the gradient.

(a) Show that the gradient equation for θ00 computes the partition func-
tion (17.29).

(b) Show that the gradient equations for the remainder of the parameters
are equivalent to the gradient (17.34).
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18
High-Dimensional Problems: p≫ N

18.1 When p is Much Bigger than N

In this chapter we discuss prediction problems in which the number of
features p is much larger than the number of observations N , often written
p≫ N . Such problems have become of increasing importance, especially in
genomics and other areas of computational biology. We will see that high
variance and overfitting are a major concern in this setting. As a result,
simple, highly regularized approaches often become the methods of choice.
The first part of the chapter focuses on prediction in both the classification
and regression settings, while the second part discusses the more basic
problem of feature selection and assessment.
To get us started, Figure 18.1 summarizes a small simulation study that

demonstrates the “less fitting is better” principle that applies when p≫ N .
For each of N = 100 samples, we generated p standard Gaussian features
X with pairwise correlation 0.2. The outcome Y was generated according
to a linear model

Y =

p∑

j=1

Xjβj + σε (18.1)

where ε was generated from a standard Gaussian distribution. For each
dataset, the set of coefficients βj were also generated from a standard Gaus-
sian distribution. We investigated three cases: p = 20, 100, and 1000. The
standard deviation σ was chosen in each case so that the signal-to-noise
ratio Var[E(Y |X)]/σ2 equaled 2. As a result, the number of significant uni-
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FIGURE 18.1. Test-error results for simulation experiments. Shown are box-
plots of the relative test errors over 100 simulations, for three different values
of p, the number of features. The relative error is the test error divided by the
Bayes error, σ2. From left to right, results are shown for ridge regression with
three different values of the regularization parameter λ: 0.001, 100 and 1000. The
(average) effective degrees of freedom in the fit is indicated below each plot.

variate regression coefficients1 was 9, 33 and 331, respectively, averaged
over the 100 simulation runs. The p = 1000 case is designed to mimic the
kind of data that we might see in a high-dimensional genomic or proteomic
dataset, for example.
We fit a ridge regression to the data, with three different values for the

regularization parameter λ: 0.001, 100, and 1000. When λ = 0.001, this
is nearly the same as least squares regression, with a little regularization
just to ensure that the problem is non-singular when p > N . Figure 18.1
shows boxplots of the relative test error achieved by the different estimators
in each scenario. The corresponding average degrees of freedom used in
each ridge-regression fit is indicated (computed using formula (3.50) on
page 682). The degrees of freedom is a more interpretable parameter than
λ. We see that ridge regression with λ = 0.001 (20 df) wins when p = 20;
λ = 100 (35 df) wins when p = 100, and λ = 1000 (43 df) wins when
p = 1000,
Here is an explanation for these results. When p = 20, we fit all the way

and we can identify as many of the significant coefficients as possible with

1We call a regression coefficient significant if |β̂j/ŝej | ≥ 2, where β̂j is the estimated
(univariate) coefficient and ŝej is its estimated standard error.

2For a fixed value of the regularization parameter λ, the degrees of freedom depends
on the observed predictor values in each simulation. Hence we compute the average
degrees of freedom over simulations.
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low bias. When p = 100, we can identify some non-zero coefficients using
moderate shrinkage. Finally, when p = 1000, even though there are many
nonzero coefficients, we don’t have a hope for finding them and we need
to shrink all the way down. As evidence of this, let tj = β̂j/ŝej , where β̂j
is the ridge regression estimate and ŝej its estimated standard error. Then
using the optimal ridge parameter in each of the three cases, the median
value of |tj | was 2.0, 0.6 and 0.2, and the average number of |tj | values
exceeding 2 was equal to 9.8, 1.2 and 0.0.
Ridge regression with λ = 0.001 successfully exploits the correlation in

the features when p < N , but cannot do so when p≫ N . In the latter case
there is not enough information in the relatively small number of samples
to efficiently estimate the high-dimensional covariance matrix. In that case,
more regularization leads to superior prediction performance.
Thus it is not surprising that the analysis of high-dimensional data re-

quires either modification of procedures designed for the N > p scenario, or
entirely new procedures. In this chapter we discuss examples of both kinds
of approaches for high dimensional classification and regression; these meth-
ods tend to regularize quite heavily, using scientific contextual knowledge
to suggest the appropriate form for this regularization. The chapter ends
with a discussion of feature selection and multiple testing.

18.2 Diagonal Linear Discriminant Analysis and
Nearest Shrunken Centroids

Gene expression arrays are an important new technology in biology, and
are discussed in Chapters 1 and 14. The data in our next example form
a matrix of 2308 genes (columns) and 63 samples (rows), from a set of
microarray experiments. Each expression value is a log-ratio log(R/G). R
is the amount of gene-specific RNA in the target sample that hybridizes
to a particular (gene-specific) spot on the microarray, and G is the corre-
sponding amount of RNA from a reference sample. The samples arose from
small, round blue-cell tumors (SRBCT) found in children, and are classified
into four major types: BL (Burkitt lymphoma), EWS (Ewing’s sarcoma),
NB (neuroblastoma), and RMS (rhabdomyosarcoma). There is an addi-
tional test data set of 20 observations. We will not go into the scientific
background here.
Since p≫ N , we cannot fit a full linear discriminant analysis (LDA) to

the data; some sort of regularization is needed. The method we describe
here is similar to the methods of Section 4.3.1, but with important modifi-
cations that achieve feature selection. The simplest form of regularization
assumes that the features are independent within each class, that is, the
within-class covariance matrix is diagonal. Despite the fact that features
will rarely be independent within a class, when p ≫ N we don’t have
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enough data to estimate their dependencies. The assumption of indepen-
dence greatly reduces the number of parameters in the model and often
results in an effective and interpretable classifier.
Thus we consider the diagonal-covariance LDA rule for classifying the

classes. The discriminant score [see (4.12) on page 110] for class k is

δk(x
∗) = −

p∑

j=1

(x∗j − x̄kj)2
s2j

+ 2 log πk. (18.2)

Here x∗ = (x∗1, x
∗
2, . . . , x

∗
p)

T is a vector of expression values for a test ob-
servation, sj is the pooled within-class standard deviation of the jth gene,
and x̄kj =

∑
i∈Ck

xij/Nk is the mean of the Nk values for gene j in class

k, with Ck being the index set for class k. We call x̃k = (x̄k1, x̄k2, . . . x̄kp)
T

the centroid of class k. The first part of (18.2) is simply the (negative)
standardized squared distance of x∗ to the kth centroid. The second part
is a correction based on the class prior probability πk, where

∑K
k=1 πk = 1.

The classification rule is then

C(x∗) = ℓ if δℓ(x
∗) = maxk δk(x

∗). (18.3)

We see that the diagonal LDA classifier is equivalent to a nearest centroid
classifier after appropriate standardization. It is also a special case of the
naive-Bayes classifier, as described in Section 6.6.3. It assumes that the
features in each class have independent Gaussian distributions with the
same variance.
The diagonal LDA classifier is often effective in high dimensional set-

tings. It is also called the “independence rule” in Bickel and Levina (2004),
who demonstrate theoretically that it will often outperform standard lin-
ear discriminant analysis in high-dimensional problems. Here the diagonal
LDA classifier yielded five misclassification errors for the 20 test samples.
One drawback of the diagonal LDA classifier is that it uses all of the fea-
tures (genes), and hence is not convenient for interpretation. With further
regularization we can do better—both in terms of test error and inter-
pretability.
We would like to regularize in a way that automatically drops out fea-

tures that are not contributing to the class predictions. We can do this
by shrinking the classwise mean toward the overall mean, for each feature
separately. The result is a regularized version of the nearest centroid clas-
sifier, or equivalently a regularized version of the diagonal-covariance form
of LDA. We call the procedure nearest shrunken centroids (NSC).

The shrinkage procedure is defined as follows. Let

dkj =
x̄kj − x̄j

mk(sj + s0)
, (18.4)

where x̄j is the overall mean for gene j, m2
k = 1/Nk − 1/N and s0 is a

small positive constant, typically chosen to be the median of the sj values.
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(0,0)

∆

FIGURE 18.2. Soft thresholding function sign(x)(|x|−∆)+ is shown in orange,
along with the 45◦ line in red.

This constant guards against large dkj values that arise from expression
values near zero. With constant within-class variance σ2, the variance of
the contrast x̄kj − x̄j in the numerator is m2

kσ
2, and hence the form of the

standardization in the denominator. We shrink the dkj toward zero using
soft thresholding

d′kj = sign(dkj)(|dkj | −∆)+; (18.5)

see Figure 18.2. Here ∆ is a parameter to be determined; we used 10-fold
cross-validation in the example (see the top panel of Figure 18.4). Each dkj
is reduced by an amount ∆ in absolute value, and is set to zero if its value
is less than zero. The soft-thresholding function is shown in Figure 18.2;
the same thresholding is applied to wavelet coefficients in Section 5.9. An
alternative is to use hard thresholding

d′kj = dkj · I(|dkj | ≥ ∆); (18.6)

we prefer soft-thresholding, as it is a smoother operation and typically
works better. The shrunken versions of x̄kj are then obtained by reversing
the transformation in (18.4):

x̄′kj = x̄j +mk(sj + s0)d
′
kj . (18.7)

We then use the shrunken centroids x̄′kj in place of the original x̄kj in the
discriminant score (18.2). The estimator (18.5) can also be viewed as a
lasso-style estimator for the class means (Exercise 18.2).
Notice that only the genes that have a nonzero d′kj for at least one of the

classes play a role in the classification rule, and hence the vast majority
of genes can often be discarded. In this example, all but 43 genes were
discarded, leaving a small interpretable set of genes that characterize each
class. Figure 18.3 represents the genes in a heatmap.
Figure 18.4 (top panel) demonstrates the effectiveness of the shrinkage.

With no shrinkage we make 5/20 errors on the test data, and several errors
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on the training and CV data. The shrunken centroids achieve zero test er-
rors for a fairly broad band of values for ∆. The bottom panel of Figure 18.4
shows the four centroids for the SRBCT data (gray), relative to the overall
centroid. The blue bars are shrunken versions of these centroids, obtained
by soft-thresholding the gray bars, using ∆ = 4.3. The discriminant scores
(18.2) can be used to construct class probability estimates:

p̂k(x
∗) =

e
1
2 δk(x

∗)

∑K
ℓ=1 e

1
2 δℓ(x

∗)
. (18.8)

These can be used to rate the classifications, or to decide not to classify a
particular sample at all.
Note that other forms of feature selection can be used in this setting,

including hard thresholding. Fan and Fan (2008) show theoretically the
importance of carrying out some kind of feature selection with diagonal
linear discriminant analysis in high-dimensional problems.

18.3 Linear Classifiers with Quadratic
Regularization

Ramaswamy et al. (2001) present a more difficult microarray classification
problem, involving a training set of 144 patients with 14 different types of
cancer, and a test set of 54 patients. Gene expression measurements were
available for 16, 063 genes.
Table 18.1 shows the prediction results from eight different classification

methods. The data from each patient was first standardized to have mean
0 and variance 1; this seems to improve prediction accuracy overall this
example, suggesting that the “shape” of each gene-expression profile is
important, rather than the absolute expression levels. In each case, the

BL EWS NB RMS

FIGURE 18.3. Heat-map of the chosen 43 genes. Within each of the horizontal
partitions, we have ordered the genes by hierarchical clustering, and similarly
for the samples within each vertical partition. Yellow represents over- and blue
under-expression.
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FIGURE 18.4. (Top): Error curves for the SRBCT data. Shown are the train-
ing, 10-fold cross-validation, and test misclassification errors as the threshold
parameter ∆ is varied. The value ∆ = 4.34 is chosen by CV, resulting in a sub-
set of 43 selected genes. (Bottom): Four centroids profiles dkj for the SRBCT
data (gray), relative to the overall centroid. Each centroid has 2308 components,
and we see considerable noise. The blue bars are shrunken versions d′kj of these
centroids, obtained by soft-thresholding the gray bars, using ∆ = 4.3.
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TABLE 18.1. Prediction results for microarray data with 14 cancer classes.
Method 1 is described in Section 18.2. Methods 2, 3 and 6 are discussed in Sec-
tion 18.3, while 4, 7 and 8 are discussed in Section 18.4. Method 5 is described in
Section 13.3. The elastic-net penalized multinomial does the best on the test data,
but the standard error of each test-error estimate is about 3, so such comparisons
are inconclusive.

Methods CV errors (SE) Test errors Number of
Out of 144 Out of 54 Genes Used

1. Nearest shrunken centroids 35 (5.0) 17 6,520
2. L2-penalized discriminant 25 (4.1) 12 16,063

analysis
3. Support vector classifier 26 (4.2) 14 16,063
4. Lasso regression (one vs all) 30.7 (1.8) 12.5 1,429
5. k-nearest neighbors 41 (4.6) 26 16,063
6. L2-penalized multinomial 26 (4.2) 15 16,063
7. L1-penalized multinomial 17 (2.8) 13 269
8. Elastic-net penalized 22 (3.7) 11.8 384

multinomial

regularization parameter has been chosen to minimize the cross-validation
error, and the test error at that value of the parameter is shown. When
more than one value of the regularization parameter yields the minimal
cross-validation error, the average test error at these values is reported.

RDA (regularized discriminant analysis), regularized multinomial logistic
regression, and the support vector machine are more complex methods that
try to exploit multivariate information in the data. We describe each in
turn, as well as a variety of regularization methods, including both L1 and
L2 and some in between.

18.3.1 Regularized Discriminant Analysis

Regularized discriminant analysis (RDA) is described in Section 4.3.1. Lin-
ear discriminant analysis involves the inversion of a p×p within-covariance
matrix. When p ≫ N , this matrix can be huge, has rank at most N < p,
and hence is singular. RDA overcomes the singularity issues by regulariz-
ing the within-covariance estimate Σ̂. Here we use a version of RDA that
shrinks Σ̂ towards its diagonal:

Σ̂(γ) = γΣ̂+ (1− γ)diag(Σ̂), with γ ∈ [0, 1]. (18.9)

Note that γ = 0 corresponds to diagonal LDA, which is the “no shrinkage”
version of nearest shrunken centroids. The form of shrinkage in (18.9) is
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much like ridge regression (Section 3.4.1), which shrinks the total covariance
matrix of the features towards a diagonal (scalar) matrix. In fact, viewing
linear discriminant analysis as linear regression with optimal scoring of the
categorical response [see (12.58) in Section 12.6], the equivalence becomes
more precise.
The computational burden of inverting this large p×pmatrix is overcome

using the methods discussed in Section 18.3.5. The value of γ was chosen
by cross-validation in line 2 of Table 18.1; all values of γ ∈ (0.002, 0.550)
gave the same CV and test error. Further development of RDA, including
shrinkage of the centroids in addition to the covariance matrix, can be
found in Guo et al. (2006).

18.3.2 Logistic Regression with Quadratic Regularization

Logistic regression (Section 4.4) can be modified in a similar way, to deal
with the p ≫ N case. With K classes, we use a symmetric version of the
multiclass logistic model (4.17) on page 119:

Pr(G = k|X = x) =
exp(βk0 + xTβk)∑K
ℓ=1 exp(βℓ0 + xTβℓ)

. (18.10)

This has K coefficient vectors of log-odds parameters β1, β2, . . . , βK . We
regularize the fitting by maximizing the penalized log-likelihood

max
{β0k,βk}K

1

[
N∑

i=1

log Pr(gi|xi)−
λ

2

K∑

k=1

||βk||22

]
. (18.11)

This regularization automatically resolves the redundancy in the paramet-
rization, and forces

∑K
k=1 β̂kj = 0, j = 1, . . . , p (Exercise 18.3). Note that

the constant terms βk0 are not regularized (and so one should be set to
zero). The resulting optimization problem is convex, and can be solved by
a Newton algorithm or other numerical techniques. Details are given in Zhu
and Hastie (2004). Friedman et al. (2010) provide software for computing
the regularization path for the two- and multiclass logistic regression mod-
els. Table 18.1, line 6 reports the results for the multiclass logistic regres-
sion model, referred to there as “multinomial”. It can be shown (Rosset
et al., 2004a) that for separable data, as λ → 0, the regularized (two-
class) logistic regression estimate (renormalized) converges to the maximal
margin classifier (Section 12.2). This gives an attractive alternative to the
support-vector machine, discussed next, especially in the multiclass case.

18.3.3 The Support Vector Classifier

The support vector classifier is described for the two-class case in Sec-
tion 12.2. When p > N , it is especially attractive because in general the
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classes are perfectly separable by a hyperplane unless there are identical
feature vectors in different classes. Without any regularization the support
vector classifier finds the separating hyperplane with the largest margin;
that is, the hyperplane yielding the biggest gap between the classes in
the training data. Somewhat surprisingly, when p ≫ N the unregularized
support vector classifier often works about as well as the best regularized
version. Overfitting often does not seem to be a problem, partly because of
the insensitivity of misclassification loss.
There are many different methods for generalizing the two-class support-

vector classifier to K > 2 classes. In the “one versus one” (ovo) approach,
we compute all

(
K
2

)
pairwise classifiers. For each test point, the predicted

class is the one that wins the most pairwise contests. In the “one versus all”
(ova) approach, each class is compared to all of the others in K two-class
comparisons. To classify a test point, we compute the confidences (signed
distance from the hyperplane) for each of theK classifiers. The winner is the
class with the highest confidence. Finally, Vapnik (1998) and Weston and
Watkins (1999) suggested (somewhat complex) multiclass criteria which
generalize the two-class criterion (12.6).
Tibshirani and Hastie (2007) propose the margin tree classifier, in which

support-vector classifiers are used in a binary tree, much as in CART
(Chapter 9). The classes are organized in a hierarchical manner, which can
be useful for classifying patients into different cancer types, for example.

Line 3 of Table 18.1 shows the results for the support vector classifier
using the ova method; Ramaswamy et al. (2001) reported (and we con-
firmed) that this approach worked best for this problem. The errors are
very similar to those in line 6, as we might expect from the comments
at the end of the previous section. The error rates are insensitive to the
choice of C [the regularization parameter in (12.8) on page 420], for values
of C > 0.001. Since p > N , the support vector hyperplane can perfectly
separate the training data by setting C =∞.

18.3.4 Feature Selection

Feature selection is an important scientific requirement for a classifier when
p is large. Neither discriminant analysis, logistic regression, nor the support-
vector classifier perform feature selection automatically, because all use
quadratic regularization. All features have nonzero weights in both models.
Ad-hoc methods for feature selection have been proposed, for example,
removing genes with small coefficients, and refitting the classifier. This is
done in a backward stepwise manner, starting with the smallest weights and
moving on to larger weights. This is known as recursive feature elimination
(Guyon et al., 2002). It was not successful in this example; Ramaswamy
et al. (2001) report, for example, that the accuracy of the support-vector
classifier starts to degrade as the number of genes is reduced from the full
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set of 16, 063. This is rather remarkable, as the number of training samples
is only 144. We do not have an explanation for this behavior.
All three methods discussed in this section (RDA, LR and SVM) can

be modified to fit nonlinear decision boundaries using kernels. Usually the
motivation for such an approach is to increase the model complexity. With
p≫ N the models are already sufficiently complex and overfitting is always
a danger. Yet despite the high dimensionality, radial kernels (Section 12.3.3)
sometimes deliver superior results in these high dimensional problems. The
radial kernel tends to dampen inner products between points far away from
each other, which in turn leads to robustness to outliers. This occurs often
in high dimensions, and may explain the positive results. We tried a radial
kernel with the SVM in Table 18.1, but in this case the performance was
inferior.

18.3.5 Computational Shortcuts When p≫ N

The computational techniques discussed in this section apply to any method
that fits a linear model with quadratic regularization on the coefficients.
That includes all the methods discussed in this section, and many more.
When p > N , the computations can be carried out in an N -dimensional
space, rather than p, via the singular value decomposition introduced in
Section 14.5. Here is the geometric intuition: just like two points in three-
dimensional space always lie on a line, N points in p-dimensional space lie
in an (N − 1)-dimensional affine subspace.
Given the N × p data matrix X, let

X = UDVT (18.12)

= RVT (18.13)

be the singular-value decomposition (SVD) of X; that is, V is p×N with
orthonormal columns, U is N × N orthogonal, and D a diagonal matrix
with elements d1 ≥ d2 ≥ dN ≥ 0. The matrix R is N ×N , with rows rTi .
As a simple example, let’s first consider the estimates from a ridge re-

gression:
β̂ = (XTX+ λI)−1XTy. (18.14)

Replacing X by RVT and after some further manipulations, this can be
shown to equal

β̂ = V(RTR+ λI)−1RTy (18.15)

(Exercise 18.4). Thus β̂ = Vθ̂, where θ̂ is the ridge-regression estimate
using the N observations (ri, yi), i = 1, 2, . . . , N . In other words, we can
simply reduce the data matrix from X to R, and work with the rows of
R. This trick reduces the computational cost from O(p3) to O(pN2) when
p > N .
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These results can be generalized to all models that are linear in the
parameters and have quadratic penalties. Consider any supervised learning
problem where we use a linear function f(X) = β0 + XTβ to model a
parameter in the conditional distribution of Y |X. We fit the parameters β

by minimizing some loss function
∑N

i=1 L(yi, f(xi)) over the data with a
quadratic penalty on β. Logistic regression is a useful example to have in
mind. Then we have the following simple theorem:

Let f∗(ri) = θ0 + rTi θ with ri defined in (18.13), and consider the pair of
optimization problems:

(β̂0, β̂) = arg min
β0,β∈IRp

N∑

i=1

L(yi, β0 + xTi β) + λβTβ; (18.16)

(θ̂0, θ̂) = arg min
θ0,θ∈IRN

N∑

i=1

L(yi, θ0 + rTi θ) + λθT θ. (18.17)

Then the β̂0 = θ̂0, and β̂ = Vθ̂.

The theorem says that we can simply replace the p vectors xi by the
N -vectors ri, and perform our penalized fit as before, but with far fewer
predictors. The N -vector solution θ̂ is then transformed back to the p-
vector solution via a simple matrix multiplication. This result is part of
the statistics folklore, and deserves to be known more widely—see Hastie
and Tibshirani (2004) for further details.
Geometrically, we are rotating the features to a coordinate system in

which all but the first N coordinates are zero. Such rotations are allowed
since the quadratic penalty is invariant under rotations, and linear models
are equivariant.
This result can be applied to many of the learning methods discussed

in this chapter, such as regularized (multiclass) logistic regression, linear
discriminant analysis (Exercise 18.6), and support vector machines. It also
applies to neural networks with quadratic regularization (Section 11.5.2).
Note, however, that it does not apply to methods such as the lasso, which
uses nonquadratic (L1) penalties on the coefficients.
Typically we use cross-validation to select the parameter λ. It can be

seen (Exercise 18.12) that we only need to construct R once, on the original
data, and use it as the data for each of the CV folds.
The support vector “kernel trick” of Section 12.3.7 exploits the same re-

duction used in this section, in a slightly different context. Suppose we have
at our disposal the N ×N gram (inner-product) matrix K = XXT . From
(18.12) we have K = UD2UT , and so K captures the same information as
R. Exercise 18.13 shows how we can exploit the ideas in this section to fit
a ridged logistic regression with K using its SVD.
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18.4 Linear Classifiers with L1 Regularization

The methods of Section 18.3 use an L2 penalty to regularize their pa-
rameters, just as in ridge regression. All of the estimated coefficients are
nonzero, and hence no feature selection is performed. In this section we dis-
cuss methods that use L1 penalties instead, and hence provide automatic
feature selection.
Recall the lasso of Section 3.4.2,

min
β

1

2

N∑

i=1

(
yi − β0 −

p∑

j=1

xijβj

)2
+ λ

p∑

j=1

|βj |, (18.18)

which we have written in the Lagrange form (3.52). As discussed there, the

use of the L1 penalty causes a subset of the solution coefficients β̂j to be
exactly zero, for a sufficiently large value of the tuning parameter λ.

In Section 3.8.1 we discussed the LARS algorithm, an efficient procedure
for computing the lasso solution for all λ. When p > N (as in this chapter),
as λ approaches zero, the lasso fits the training data exactly. In fact, by
convex duality one can show that when p > N the number of non-zero
coefficients is at most N for all values of λ (Rosset and Zhu, 2007, for
example). Thus the lasso provides a (severe) form of feature selection.

Lasso regression can be applied to a two-class classification problem by
coding the outcome ±1, and applying a cutoff (usually 0) to the predictions.
For more than two classes, there are many possible approaches, including
the ova and ovo methods discussed in Section 18.3.3. We tried the ova-
approach on the cancer data in Section 18.3. The results are shown in
line (4) of Table 18.1. Its performance is among the best.
A more natural approach for classification problems is to use the lasso

penalty to regularize logistic regression. Several implementations have been
proposed in the literature, including path algorithms similar to LARS (Park
and Hastie, 2007). Because the paths are piecewise smooth but nonlinear,
exact methods are slower than the LARS algorithm, and are less feasible
when p is large.
Friedman et al. (2010) provide very fast algorithms for fitting L1-pen-

alized logistic and multinomial regression models. They use the symmetric
multinomial logistic regression model as in (18.10) in Section 18.3.2, and
maximize the penalized log-likelihood

max
{β0k,βk∈IRp}K

1




N∑

i=1

log Pr(gi|xi)− λ
K∑

k=1

p∑

j=1

|βkj |


 ; (18.19)

compare with (18.11). Their algorithm computes the exact solution at a
pre-chosen sequence of values for λ by cyclical coordinate descent (Sec-
tion 3.8.6), and exploits the fact that solutions are sparse when p ≫ N ,
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as well as the fact that solutions for neighboring values of λ tend to be
very similar. This method was used in line (7) of Table 18.1, with the over-
all tuning parameter λ chosen by cross-validation. The performance was
similar to that of the best methods, except here the automatic feature se-
lection chose 269 genes altogether. A similar approach is used in Genkin
et al. (2007); although they present their model from a Bayesian point of
view, they in fact compute the posterior mode, which solves the penalized
maximum-likelihood problem.
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FIGURE 18.5. Regularized logistic regression paths for the leukemia data. The
left panel is the lasso path, the right panel the elastic-net path with α = 0.8. At
the ends of the path (extreme left), there are 19 nonzero coefficients for the lasso,
and 39 for the elastic net. The averaging effect of the elastic net results in more
non-zero coefficients than the lasso, but with smaller magnitudes.

In genomic applications, there are often strong correlations among the
variables; genes tend to operate in molecular pathways. The lasso penalty
is somewhat indifferent to the choice among a set of strong but corre-
lated variables (Exercise 3.28). The ridge penalty, on the other hand, tends
to shrink the coefficients of correlated variables toward each other (Exer-
cise 3.29 on page 99). The elastic net penalty (Zou and Hastie, 2005) is a
compromise, and has the form

p∑

j=1

(
α|βj |+ (1− α)β2

j

)
. (18.20)

The second term encourages highly correlated features to be averaged, while
the first term encourages a sparse solution in the coefficients of these aver-



18.4 Linear Classifiers with L1 Regularization 663

aged features. The elastic net penalty can be used with any linear model,
in particular for regression or classification.
Hence the multinomial problem above with elastic-net penalty becomes

max
{β0k,βk∈IRp}K

1




N∑

i=1

log Pr(gi|xi)− λ
K∑

k=1

p∑

j=1

(
α|βkj |+ (1− α)β2

kj

)

 .

(18.21)
The parameter α determines the mix of the penalties, and is often pre-
chosen on qualitative grounds. The elastic net can yield more that N non-
zero coefficients when p > N , a potential advantage over the lasso. Line
(8) in Table 18.1 uses this model, with α and λ chosen by cross-validation.
We used a sequence of 20 values of α between 0.05 and 1.0, and a 100
values of λ uniform on the log scale covering the entire range. Values of
α ∈ [0.75, 0.80] gave the minimum CV error, with values of λ < 0.001 for all
tied solutions. Although it has the lowest test error among all methods, the
margin is small and not significant. Interestingly, when CV is performed
separately for each value of α, a minimum test error of 8.8 is achieved at
α = 0.10, but this is not the value chosen in the two-dimensional CV.
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FIGURE 18.6. Training, test, and 10-fold cross validation curves for lasso logis-
tic regression on the leukemia data. The left panel shows misclassification errors,
the right panel shows deviance.

Figure 18.5 shows the lasso and elastic-net coefficient paths on the two-
class leukemia data (Golub et al., 1999). There are 7129 gene-expression
measurements on 38 samples, 27 of them in class ALL (acute lymphocytic
leukemia), and 11 in class AML (acute myelogenous leukemia). There is
also a test set with 34 samples (20, 14). Since the data are linearly separa-
ble, the solution is undefined at λ = 0 (Exercise 18.11), and degrades for
very small values of λ. Hence the paths have been truncated as the fitted
probabilities approach 0 and 1. There are 19 non-zero coefficients in the
left plot, and 39 in the right. Figure 18.6 (left panel) shows the misclas-
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sification errors for the lasso logistic regression on the training and test
data, as well as for 10-fold cross-validation on the training data. The right
panel uses binomial deviance to measure errors, and is much smoother. The
small sample sizes lead to considerable sampling variance in these curves,
even though individual curves are relatively smooth (see, for example, Fig-
ure 7.1 on page 220). Both of these plots suggest that the limiting solution
λ ↓ 0 is adequate, leading to 3/34 misclassifications in the test set. The
corresponding figures for the elastic net are qualitatively similar and are
not shown.
For p ≫ N , the limiting coefficients diverge for all regularized logistic

regression models, so in practical software implementations a minimum
value for λ > 0 is either explicitly or implicitly set. However, renormalized
versions of the coefficients converge, and these limiting solutions can be
thought of as interesting alternatives to the linear optimal separating hy-
perplane (SVM). With α = 0 the limiting solution coincides with the SVM
(see end of Section 18.3.2), but all the 7129 genes are selected. With α = 1,
the limiting solution coincides with an L1 separating hyperplane (Rosset
et al., 2004a), and includes at most 38 genes. As α decreases from 1, the
elastic-net solutions include more genes in the separating hyperplane.

18.4.1 Application of Lasso to Protein Mass Spectroscopy

Protein mass spectrometry has become a popular technology for analyzing
the proteins in blood, and can be used to diagnose a disease or understand
the processes underlying it.
For each blood serum sample i, we observe the intensity xij for many

time of flight values tj . This intensity is related to the number of particles
observed to take approximately tj time to pass from the emitter to the
detector during a cycle of operation of the machine. The time of flight has
a known relationship to the mass over charge ratio (m/z) of the constituent
proteins in the blood. Hence the identification of a peak in the spectrum
at a certain tj tells us that there is a protein with a corresponding mass
and charge. The identity of this protein can then be determined by other
means.
Figure 18.7 shows an example taken from Adam et al. (2003). It shows

the average spectra for healthy patients and those with prostate cancer.
There are 16,898 m/z sites in total, ranging in value from 2000 to 40,000.
The full dataset consists of 157 healthy patients and 167 with cancer, and
the goal is to find m/z sites that discriminate between the two groups.
This is an example of functional data; the predictors can be viewed as a
function of m/z. There has been much interest in this problem in the past
few years; see e.g. Petricoin et al. (2002).
The data were first standardized (baseline subtraction and normaliza-

tion), and we restricted attention to m/z values between 2000 and 40,000
(spectra outside of this range were not of interest). We then applied near-
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FIGURE 18.7. Protein mass spectrometry data: average profiles from normal
and prostate cancer patients.

est shrunken centroids and lasso regression to the data, with the results for
both methods shown in Table 18.2.
By fitting harder to the data, the lasso achieves a considerably lower

test error rate. However, it may not provide a scientifically useful solu-
tion. Ideally, protein mass spectrometry resolves a biological sample into
its constituent proteins, and these should appear as peaks in the spectra.
The lasso doesn’t treat peaks in any special way, so not surprisingly only
some of the non-zero lasso weights were situated near peaks in the spectra.
Furthermore, the same protein may yield a peak at slightly different m/z
values in different spectra. In order to identify common peaks, some kind
of m/z warping is needed from sample to sample.
To address this, we applied a standard peak-extraction algorithm to each

spectrum, yielding a total of 5178 peaks in the 217 training spectra. Our
idea was to pool the collection of peaks from all patients, and hence con-
struct a set of common peaks. For this purpose, we applied hierarchical
clustering to the positions of these peaks along the log m/z axis. We cut
the resulting dendrogram horizontally at height log(0.005)3, and computed
averages of the peak positions in each resulting cluster. This process yielded
728 common clusters and their corresponding peak centers.
Given these 728 common peaks, we determined which of these were

present in each individual spectrum, and if present, the height of the peak.
A peak height of zero was assigned if that peak was not found. This pro-
duced a 217× 728 matrix of peak heights as features, which was used in a
lasso regression. We scored the test spectra for the same 728 peaks.

3Use of the value 0.005 means that peaks with positions less than 0.5% apart are
considered the same peak, a fairly common assumption.
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TABLE 18.2. Results for the prostate data example. The standard deviation for
the test errors is about 4.5.

Method Test Errors/108 Number of Sites

1. Nearest shrunken centroids 34 459
2. Lasso 22 113
3. Lasso on peaks 28 35

The prediction results for this application of the lasso to the peaks are
shown in the last line of Table 18.2: it does fairly well, but not as well
as the lasso on the raw spectra. However, the fitted model may be more
useful to the biologist as it yields 35 peak positions for further study. On
the other hand, the results suggest that there may be useful discriminatory
information between the peaks of the spectra, and the positions of the lasso
sites from line (2) of the table also deserve further examination.

18.4.2 The Fused Lasso for Functional Data

In the previous example, the features had a natural order, determined by
the mass-to-charge ratio m/z. More generally, we may have functional fea-
tures xi(t) that are ordered according to some index variable t. We have
already discussed several approaches for exploiting such structure.
We can represent xi(t) by their coefficients in a basis of functions in t,

such as splines, wavelets or Fourier bases, and then apply a regression using
these coefficients as predictors. Equivalently, one can instead represent the
coefficients of the original features in these bases. These approaches are
described in Section 5.3.
In the classification setting, we discuss the analogous approach of penal-

ized discriminant analysis in Section 12.6. This uses a penalty that explicitly
controls the resulting smoothness of the coefficient vector.
The above methods tend to smooth the coefficients uniformly. Here we

present a more adaptive strategy that modifies the lasso penalty to take
into account the ordering of the features. The fused lasso (Tibshirani et
al., 2005) solves

min
β∈IRp

{
N∑

i=1

(yi−β0−
p∑

j=1

xijβj)
2+λ1

p∑

j=1

|βj |+λ2
p−1∑

j=1

|βj+1−βj |
}
. (18.22)

This criterion is strictly convex in β, so a unique solution exists. The first
penalty encourages the solution to be sparse, while the second encourages
it to be smooth in the index j.

The difference penalty in (18.22) assumes an uniformly spaced index j. If
instead the underlying index variable t has nonuniform values tj , a natural
generalization of (18.22) would be based on divided differences
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FIGURE 18.8. Fused lasso applied to CGH data. Each point represents the
copy-number of a gene in a tumor sample, relative to that of a control (on the log
base-2 scale).

λ2

p−1∑

j=1

|βj+1 − βj |
|tj+1 − tj |

. (18.23)

This amounts to having a penalty modifier for each of the terms in the
series.
A particularly useful special case arises when the predictor matrix X =

IN , the N × N identity matrix. This is a special case of the fused lasso,
used to approximate a sequence {yi}N1 . The fused lasso signal approximator
solves

min
β∈IRN

{
N∑

i=1

(yi − β0 − βi)2 + λ1

N∑

i=1

|βi|+ λ2

N−1∑

i=1

|βi+1 − βi|
}
. (18.24)

Figure 18.8 shows an example taken from Tibshirani and Wang (2007). The
data in the panel come from a Comparative Genomic Hybridization (CGH)
array, measuring the approximate log (base-two) ratio of the number of
copies of each gene in a tumor sample, as compared to a normal sample.
The horizontal axis represents the chromosomal location of each gene. The
idea is that in cancer cells, genes are often amplified (duplicated) or deleted,
and it is of interest to detect these events. Furthermore, these events tend
to occur in contiguous regions. The smoothed signal estimate from the
fused lasso signal approximator is shown in dark red (with appropriately
chosen values for λ1 and λ2). The significantly nonzero regions can be used
to detect locations of gains and losses of genes in the tumor.
There is also a two-dimensional version of the fused lasso, in which the

parameters are laid out in a grid of pixels, and a penalty is applied to the
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first differences to the left, right, above and below the target pixel. This
can be useful for denoising or classifying images. Friedman et al. (2007)
develop fast generalized coordinate descent algorithms for the one- and
two-dimensional fused lasso.

18.5 Classification When Features are Unavailable

In some applications the objects under study are more abstract in nature,
and it is not obvious how to define a feature vector. As long as we can fill
in an N×N proximity matrix of similarities between pairs of objects in our
database, it turns out we can put to use many of the classifiers in our arsenal
by interpreting the proximities as inner-products. Protein structures fall
into this category, and we explore an example in Section 18.5.1 below.
In other applications, such as document classification, feature vectors are

available but can be extremely high-dimensional. Here we may not wish
to compute with such high-dimensional data, but rather store the inner-
products between pairs of documents. Often these inner-products can be
approximated by sampling techniques.
Pairwise distances serve a similar purpose, because they can be turned

into centered inner-products. Proximity matrices are discussed in more de-
tail in Chapter 14.

18.5.1 Example: String Kernels and Protein Classification

An important problem in computational biology is to classify proteins into
functional and structural classes based on their sequence similarities. Pro-
tein molecules are strings of amino acids, differing in both length and com-
position. In the example we consider, the lengths vary between 75–160
amino-acid molecules, each of which can be one of 20 different types, labeled
using letters. Here are two examples, of length 110 and 153, respectively:

IPTSALVKETLALLSTHRTLLIANETLRIPVPVHKNHQLCTEEIFQGIGTLESQTVQGGTV

ERLFKNLSLIKKYIDGQKKKCGEERRRVNQFLDYLQEFLGVMNTEWI

PHRRDLCSRSIWLARKIRSDLTALTESYVKHQGLWSELTEAERLQENLQAYRTFHVLLA

RLLEDQQVHFTPTEGDFHQAIHTLLLQVAAFAYQIEELMILLEYKIPRNEADGMLFEKK

LWGLKVLQELSQWTVRSIHDLRFISSHQTGIP

There have been many proposals for measuring the similarity between a
pair of protein molecules. Here we focus on a measure based on the count
of matching substrings (Leslie et al., 2004), such as the LQE above.

To construct our features, we count the number of times that a given
sequence of length m occurs in our string, and we compute this number



18.5 Classification When Features are Unavailable 669

for all possible sequences of length m. Formally, for a string x, we define a
feature map

Φm(x) = {φa(x)}a∈Am
(18.25)

where Am is the set of subsequences of length m, and φa(x) is the number
of times that “a” occurs in our string x. Using this, we define the inner
product

Km(x1, x2) = 〈Φm(x1),Φm(x2)〉, (18.26)

which measures the similarity between the two strings x1, x2. This can be
used to drive, for example, a support vector classifier for classifying strings
into different protein classes.
Now the number of possible sequences a is |Am| = 20m, which can be

very large for moderate m, and the vast majority of the subsequences do
not match the strings in our training set. It turns out that we can compute
the N × N inner-product matrix or string kernel Km (18.26) efficiently
using tree-structures, without actually computing the individual vectors.
This methodology, and the data to follow, come from Leslie et al. (2004).4

The data consist of 1708 proteins in two classes— negative (1663) and
positive (45). The two examples above, which we will call “x1” and “x2”,
are from this set. We have marked the occurrences of subsequence LQE,
which appears in both proteins. There are 203 possible subsequences, so
Φ3(x) will be a vector of length 8000. For this example φLQE(x1) = 1 and
φLQE(x2) = 2.
Using software from Leslie et al. (2004), we computed the string kernel

for m = 4, which was then used in a support vector classifier to find the
maximal margin solution in this 204 = 160, 000-dimensional feature space.
We used 10-fold cross-validation to compute the SVM predictions on all of
the training data. The orange curve in Figure 18.9 shows the cross-validated
ROC curve for the support vector classifier, computed by varying the cut-
point on the real-valued predictions from the cross-validated support vector
classifier. The area under the curve is 0.84. Leslie et al. (2004) show that
the string kernel method is competitive with, but perhaps not as accurate
as, more specialized methods for protein string matching.
Many other classifiers can be computed using only the information in the

kernel matrix; some details are given in the next section. The results for
the nearest centroid classifier (green), and distance-weighted one-nearest
neighbors (blue) are shown in Figure 18.9. Their performance is similar to
that of the support vector classifier.

4We thank Christina Leslie for her help and for providing the data, which is available
on our book website.
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FIGURE 18.9. Cross-validated ROC curves for protein example using the string
kernel. The numbers next to each method in the legend give the area under the
curve, an overall measure of accuracy. The SVM achieves better sensitivities than
the other two, which achieve better specificities.

18.5.2 Classification and Other Models Using Inner-Product
Kernels and Pairwise Distances

There are a number of other classifiers, besides the support-vector ma-
chine, that can be implemented using only inner-product matrices. This
also implies they can be “kernelized” like the SVM.
An obvious example is nearest-neighbor classification, since we can trans-

form pairwise inner-products to pairwise distances:

||xi − xi′ ||2 = 〈xi, xi〉+ 〈xi′ , xi′〉 − 2〈xi, xi′〉. (18.27)

A variation of 1-NN classification is used in Figure 18.9, which produces
a continuous discriminant score needed to construct a ROC curve. This
distance-weighted 1-NN makes use of the distance of a test points to the
closest member of each class; see Exercise 18.14.
Nearest-centroid classification follows easily as well. For training pairs

(xi, gi), i = 1, . . . , N , a test point x0, and class centroids x̄k, k = 1, . . . ,K
we can write

||x0 − x̄k||2 = 〈x0, x0〉 −
2

Nk

∑

gi=k

〈x0, xi〉+
1

N2
k

∑

gi=k

∑

gi′=k

〈xi, xi′〉, (18.28)
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Hence we can compute the distance of the test point to each of the cen-
troids, and perform nearest centroid classification. This also implies that
methods like K-means clustering can also be implemented, using only the
inner products of the data points.
Logistic and multinomial regression with quadratic regularization can

also be implemented with inner-product kernels; see Section 12.3.3 and
Exercise 18.13. Exercise 12.10 derives linear discriminant analysis using an
inner-product kernel.
Principal components can be computed using inner-product kernels as

well; since this is frequently useful, we give some details. Suppose first
that we have a centered data matrix X, and let X = UDVT be its SVD
(18.12). Then Z = UD is the matrix of principal component variables (see
Section 14.5.1). But if K = XXT , then it follows that K = UD2UT , and
hence we can compute Z from the eigen decomposition of K. If X is not
centered, then we can center it using X̃ = (I −M)X, where M = 1

N 11T

is the mean operator. Thus we compute the eigenvectors of the double-
centered kernel (I −M)K(I −M) for the principal components from an
uncentered inner-product matrix. Exercise 18.15 explores this further, and
Section 14.5.4 discusses in more detail kernel PCA for general kernels, such
as the radial kernel used in SVMs.
If instead we had available only the pairwise (squared) Euclidean dis-

tances between observations,

∆2
ii′ = ||xi − xi′ ||2, (18.29)

it turns out we can do all of the above as well. The trick is to convert the
pairwise distances to centered inner-products, and then proceed as before.
We write

∆2
ii′ = ||xi − x̄||2 + ||xi′ − x̄||2 − 2〈xi − x̄, xi′ − x̄〉. (18.30)

Defining B = {−∆2
ii′/2}, we double center B:

K̃ = (I−M)B(I−M); (18.31)

it is easy to check that K̃ii′ = 〈xi − x̄, xi′ − x̄〉, the centered inner-product
matrix.
Distances and inner-products also allow us to compute the medoid in each

class—the observation with smallest average distance to other observations
in that class. This can be used for classification (closest medoids), as well as
to drive k-medoids clustering (Section 14.3.10). With abstract data objects
like proteins, medoids have a practical advantage over means. The medoid is
one of the training examples, and can be displayed. We tried closest medoids
in the example in the next section (see Table 18.3), and its performance is
disappointing.
It is useful to consider what we cannot do with inner-product kernels and

distances:
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TABLE 18.3. Cross-validated error rates for the abstracts example. The nearest
shrunken centroids ended up using no-shrinkage, but does use a word-by-word
standardization (section 18.2). This standardization gives it a distinct advantage
over the other methods.

Method CV Error (SE)

1. Nearest shrunken centroids 0.17 (0.05)
2. SVM 0.23 (0.06)
3. Nearest medoids 0.65 (0.07)
4. 1-NN 0.44 (0.07)
5. Nearest centroids 0.29 (0.07)

• We cannot standardize the variables; standardization significantly im-
proves performance in the example in the next section.

• We cannot assess directly the contributions of individual variables.
In particular, we cannot perform individual t-tests, fit the nearest
shrunken centroids model, or fit any model that uses the lasso penalty.

• We cannot separate the good variables from the noise: all variables get
an equal say. If, as is often the case, the ratio of relevant to irrelevant
variables is small, methods that use kernels are not likely to work as
well as methods that do feature selection.

18.5.3 Example: Abstracts Classification

This somewhat whimsical example serves to illustrate a limitation of ker-
nel approaches. We collected the abstracts from 48 papers, 16 each from
Bradley Efron (BE), Trevor Hastie and Rob Tibshirani (HT) (frequent co-
authors), and Jerome Friedman (JF). We extracted all unique words from
these abstracts, and defined features xij to be the number of times word
j appears in abstract i. This is the so-called bag of words representation.
Quotations, parentheses and special characters were first removed from the
abstracts, and all characters were converted to lower case. We also removed
the word “we”, which could unfairly discriminate HT abstracts from the
others.
There were 4492 total words, of which p = 1310 were unique. We sought

to classify the documents into BE, HT or JF on the basis of the features
xij . Although it is artificial, this example allows us to assess the possible
degradation in performance if information specific to the raw features is
not used.
We first applied the nearest shrunken centroid classifier to the data, using

10-fold cross-validation. It essentially chose no shrinkage, and so used all the
features; see the first line of Table 18.3. The error rate is 17%; the number
of features can be reduced to about 500 without much loss in accuracy.
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Note that the nearest shrunken classifier requires the raw feature matrix
X in order to standardize the features individually. Figure 18.10 shows the
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FIGURE 18.10. Abstracts example: top 20 scores from nearest shrunken cen-
troids. Each score is the standardized difference in frequency for the word in the
given class (BE, HT or JF) versus all classes. Thus a positive score (to the right
of the vertical grey zero lines) indicates a higher frequency in that class; a negative
score indicates a lower relative frequency.

top 20 discriminating words, with a positive score indicating that a word
appears more in that class than in the other classes.
Some of these terms make sense: for example “frequentist” and “Bayesian”

reflect Efron’s greater emphasis on statistical inference. However, many oth-
ers are surprising, and reflect personal writing styles: for example, Fried-
man’s use of “presented” and HT’s use of “propose”.
We then applied the support vector classifier with linear kernel and no

regularization, using the “all pairs” (ovo) method to handle the three
classes (regularization of the SVM did not improve its performance). The
result is shown in Table 18.3. It does somewhat worse than the nearest
shrunken centroid classifier.
As mentioned, the first line of Table 18.3 represents nearest shrunken cen-

troids (with no shrinkage). Denote by sj the pooled within-class standard
deviation for feature j, and s0 the median of the sj values. Then line (1)
also corresponds to nearest centroid classification, after first standardizing
each feature by sj + s0 [recall (18.4) on page 652].
Line (3) shows that the performance of nearest medoids is very poor,

something which surprised us. It is perhaps due to the small sample sizes
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and high dimensions, with medoids having much higher variance than
means. The performance of the one-nearest neighbor classifier is also poor.

The performance of the nearest centroid classifier is also shown in Ta-
ble 18.3 in line (5): it is better than nearest medoids, but worse than that
of nearest shrunken centroids, even with no shrinkage. The difference seems
to be the standardization of each feature that is done in nearest shrunken
centroids. This standardization is important here, and requires access to
the individual feature values. Nearest centroids uses a spherical metric, and
relies on the fact that the features are in similar units. The support vector
machine estimates a linear combination of the features and can better deal
with unstandardized features.

18.6 High-Dimensional Regression: Supervised
Principal Components

In this section we describe a simple approach to regression and generalized
regression that is especially useful when p≫ N . We illustrate the method
on another microarray data example. The data is taken from Rosenwald
et al. (2002) and consists of 240 samples from patients with diffuse large
B-cell lymphoma (DLBCL), with gene expression measurements for 7399
genes. The outcome is survival time, either observed or right censored. We
randomly divided the lymphoma samples into a training set of size 160 and
a test set of size 80.
Although supervised principal components is useful for linear regression,

its most interesting applications may be in survival studies, which is the
focus of this example.
We have not yet discussed regression with censored survival data in this

book; it represents a generalized form of regression in which the outcome
variable (survival time) is only partly observed for some individuals. Sup-
pose for example we carry out a medical study that lasts for 365 days, and
for simplicity all subjects are recruited on day one. We might observe one
individual to die 200 days after the start of the study. Another individ-
ual might still be alive at 365 days when the study ends. This individual
is said to be “right censored” at 365 days. We know only that he or she
lived at least 365 days. Although we do not know how long past 365 days
the individual actually lived, the censored observation is still informative.
This is illustrated in Figure 18.11. Figure 18.12 shows the survival curve
estimated by the Kaplan–Meier method for the 80 patients in the test set.
See for example Kalbfleisch and Prentice (1980) for a description of the
Kaplan–Meier method.
Our objective in this example is to find a set of features (genes) that

can predict the survival of an independent set of patients. This could be
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FIGURE 18.13. Underlying conceptual model for supervised principal compo-
nents. There are two cell types, and patients with the good cell type live longer on
the average. Supervised principal components estimate the cell type, by averaging
the expression of genes that reflect it.

useful as a prognostic indicator to aid in choosing treatments, or to help
understand the biological basis for the disease.
The underlying conceptual model for supervised principal components

is shown in Figure 18.13. We imagine that there are two cell types, and
patients with the good cell type live longer on the average. However there
is considerable overlap in the two sets of survival times. We might think
of survival time as a “noisy surrogate” for cell type. A fully supervised
approach would give the most weight to those genes having the strongest
relationship with survival. These genes are partially, but not perfectly, re-
lated to cell type. If we could instead discover the underlying cell types of
the patients, often reflected by a sizable signature of genes acting together
in pathways, then we might do a better job of predicting patient survival.

Although the cell type in Figure 18.13 is discrete, it is useful to imagine
a continuous cell type, define by some linear combination of the features.
We will estimate the cell type as a continuous quantity, and then discretize
it for display and interpretation.
How can we find the linear combination that defines the important under-

lying cell types? Principal components analysis (Section 14.5) is an effective
method for finding linear combinations of features that exhibit large varia-
tion in a dataset. But what we seek here are linear combinations with both
high variance and significant correlation with the outcome. The lower right
panel of Figure 18.14 shows the result of applying standard principal com-
ponents in this example; the leading component does not correlate strongly
with survival (details are given in the figure caption).
Hence we want to encourage principal component analysis to find linear

combinations of features that have high correlation with the outcome. To
do this, we restrict attention to features which by themselves have a siz-
able correlation with the outcome. This is summarized in the supervised
principal components Algorithm 18.1, and illustrated in Figure 18.14.
The details in steps (1) and (2b) will depend on the type of outcome

variable. For a standard regression problem, we use the univariate linear
least squares coefficients in step (1) and a linear least squares model in
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FIGURE 18.14. Supervised principal components on the lymphoma data. The
left panel shows a heatmap of a subset of the gene-expression training data. The
rows are ordered by the magnitude of the univariate Cox-score, shown in the mid-
dle vertical column. The top 50 and bottom 50 genes are shown. The supervised
principal component uses the top 27 genes (chosen by 10-fold CV). It is repre-
sented by the bar at the top of the heatmap, and is used to order the columns
of the expression matrix. In addition, each row is multiplied by the sign of the
Cox-score. The middle panel on the right shows the survival curves on the test
data when we create a low and high group by splitting this supervised PC at zero
(training data mean). The curves are well separated, as indicated by the p-value
for the log-rank test. The top panel does the same, using the top-scoring gene on
the training data. The curves are somewhat separated, but not significantly. The
bottom panel uses the first principal component on all the genes, and the separa-
tion is also poor. Each of the top genes can be interpreted as noisy surrogates for
a latent underlying cell-type characteristic, and supervised principal components
uses them all to estimate this latent factor.
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Algorithm 18.1 Supervised Principal Components.

1. Compute the standardized univariate regression coefficients for the
outcome as a function of each feature separately.

2. For each value of the threshold θ from the list 0 ≤ θ1 < θ2 < · · · < θK :

(a) Form a reduced data matrix consisting of only those features
whose univariate coefficient exceeds θ in absolute value, and
compute the first m principal components of this matrix.

(b) Use these principal components in a regression model to predict
the outcome.

3. Pick θ (and m) by cross-validation.

step (2b). For survival problems, Cox’s proportional hazards regression
model is widely used; hence we use the score test from this model in step (1)
and the multivariate Cox model in step (2b). The details are not essential
for understanding the basic method; they may be found in Bair et al. (2006).
Figure 18.14 shows the results of supervised principal components in this

example. We used a Cox-score cutoff of 3.53, yielding 27 genes, where the
value 3.53 was found through 10-fold cross-validation. We then computed
the first principal component (m = 1) using just this subset of the data,
as well as its value for each of the test observations. We included this as
a quantitative predictor in a Cox regression model, and its likelihood-ratio
significance was p = 0.005. When dichotomized (using the mean score on
the training data as a threshold), it clearly separates the patients in the
test set into low and high risk groups (middle-right panel of Figure 18.14,
p = 0.006).
The top-right panel of Figure 18.14 uses the top scoring gene (dichot-

omized) alone as a predictor of survival. It is not significant on the test set.
Likewise, the lower-right panel shows the dichotomized principal compo-
nent using all the training data, which is also not significant.

Our procedure allows m > 1 principal components in step (2a). However,
the supervision in step (1) encourages the principal components to align
with the outcome, and thus in most cases only the first or first few com-
ponents tend to be useful for prediction. In the mathematical development
below, we consider only the first component, but extensions to more than
one component can be derived in a similar way.

18.6.1 Connection to Latent-Variable Modeling

A formal connection between supervised principal components and the un-
derlying cell type model (Figure 18.13) can be seen through a latent variable
model for the data. Suppose we have a response variable Y which is related
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to an underlying latent variable U by a linear model

Y = β0 + β1U + ε. (18.32)

In addition, we have measurements on a set of featuresXj indexed by j ∈ P
(for pathway), for which

Xj = α0j + α1jU + ǫj , j ∈ P. (18.33)

The errors ε and ǫj are assumed to have mean zero and are independent of
all other random variables in their respective models.
We also have many additional features Xk, k 6∈ P which are independent

of U . We would like to identify P, estimate U , and hence fit the predic-
tion model (18.32). This is a special case of a latent-structure model, or
single-component factor-analysis model (Mardia et al., 1979, see also Sec-
tion 14.7). The latent factor U is a continuous version of the cell type
conceptualized in Figure 18.13.
The supervised principal component algorithm can be seen as a method

for fitting this model:

• The screening step (1) estimates the set P.

• Given P̂, the largest principal component in step (2a) estimates the
latent factor U .

• Finally, the regression fit in step (2b) estimates the coefficient in
model (18.32).

Step (1) is natural, since on average the regression coefficient is nonzero
only if α1j is non-zero. Hence this step should select the features j ∈ P.
Step (2a) is natural if we assume that the errors ǫj have a Gaussian dis-
tribution, with the same variance. In this case the principal component is
the maximum likelihood estimate for the single factor model (Mardia et
al., 1979). The regression in (2b) is an obvious final step.
Suppose there are a total of p features, with p1 features in the relevant set

P. Then if p and p1 grow but p1 is small relative to p, one can show (under
reasonable conditions) that the leading supervised principal component
is consistent for the underlying latent factor. The usual leading principal
component may not be consistent, since it can be contaminated by the
presence of a large number of “noise” features.
Finally, suppose that the threshold used in step (1) of the supervised

principal component procedure yields a large number of features for com-
putation of the principal component. Then for interpretational purposes, as
well as for practical uses, we would like some way of finding a reduced a set
of features that approximates the model. Pre-conditioning (Section 18.6.3)
is one way of doing this.
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18.6.2 Relationship with Partial Least Squares

Supervised principal components is closely related to partial least squares
regression (Section 3.5.2). Bair et al. (2006) found that the key to the good
performance of supervised principal components was the filtering out of
noisy features in step (2a). Partial least squares (Section 3.5.2) downweights
noisy features, but does not throw them away; as a result a large number
of noisy features can contaminate the predictions. However, a modification
of the partial least squares procedure has been proposed that has a similar
flavor to supervised principal components [Brown et al. (1991),Nadler and
Coifman (2005), for example]. We select the features as in steps (1) and
(2a) of supervised principal components, but then apply PLS (rather than
principal components) to these features. For our current discussion, we call
this “thresholded PLS.”
Thresholded PLS can be viewed as a noisy version of supervised principal

components, and hence we might not expect it to work as well in practice.
Assume the variables are all standardized. The first PLS variate has the
form

z =
∑

j∈P

〈y,xj〉xj , (18.34)

and can be thought of as an estimate of the latent factor U in model (18.33).
In contrast, the supervised principal components direction û satisfies

û =
1

d2

∑

j∈P

〈û,xj〉xj , (18.35)

where d is the leading singular value of XP . This follows from the definition
of the leading principal component. Hence thresholded PLS uses weights
which are the inner product of y with each of the features, while supervised
principal components uses the features to derive a “self-consistent” estimate
û. Since many features contribute to the estimate û, rather than just the
single outcome y, we can expect û to be less noisy than z. In fact, if there
are p1 features in the set P, and N, p and p1 go to infinity with p1/N → 0,
then it can be shown using the techniques in Bair et al. (2006) that

z = u+Op(1)

û = u+Op(
√
p1/N), (18.36)

where u is the true (unobservable) latent variable in the model (18.32),
(18.33).
We now present a simulation example to compare the methods numeri-

cally. There are N = 100 samples and p = 5000 genes. We generated the
data as follows:
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FIGURE 18.15. Heatmap of the outcome (left column) and first 500 genes from
a realization from model (18.37). The genes are in the columns, and the samples
are in the rows.

xij =

{
3 + ǫij if i ≤ 50,

4 + ǫij if i > 50
j = 1, . . . , 50

xij =

{
1.5 + ǫij if 1 ≤ i ≤ 25 or 51 ≤ i ≤ 75

5.5 + ǫij if 26 ≤ i ≤ 50 or 76 ≤ i ≤ 100
j = 51, . . . , 250

xij = ǫij j = 251, . . . , 5000

yi = 2 · 1
50

∑50
j=1 xij + εi

(18.37)

where ǫij and εi are independent normal random variables with mean 0 and
standard deviations 1 and 1.5, respectively. Thus in the first 50 genes, there
is an average difference of 1 unit between samples 1–50 and 51–100, and this
difference correlates with the outcome y. The next 200 genes have a large
average difference of 4 units between samples (1–25, 51–75) and (26–50,
76–100), but this difference is uncorrelated with the outcome. The rest of
the genes are noise. Figure 18.15 shows a heatmap of a typical realization,
with the outcome at the left, and the first 500 genes to the right.
We generated 100 simulations from this model, and summarize the test

error results in Figure 18.16. The test errors of principal components and
partial least squares are shown at the right of the plot; both are badly
affected by the noisy features in the data. Supervised principal components
and thresholded PLS work best over a wide range of the number of selected
features, with the former showing consistently lower test errors.
While this example seems “tailor-made” for supervised principal com-

ponents, its good performance seems to hold in other simulated and real
datasets (Bair et al., 2006).

18.6.3 Pre-Conditioning for Feature Selection

Supervised principal components can yield lower test errors than competing
methods, as shown in Figure 18.16. However, it does not always produce a
sparse model involving only a small number of features (genes). Even if the
thresholding in Step (1) of the algorithm yields a relatively small number
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FIGURE 18.16. Root mean squared test error (± one standard error), for
supervised principal components and thresholded PLS on 100 realizations from
model (18.37). All methods use one component, and the errors are relative to
the noise standard deviation (the Bayes error is 1.0). For both methods, different
values for the filtering threshold were tried and the number of features retained
is shown on the horizontal axis. The extreme right points correspond to regular
principal components and partial least squares, using all the genes.

of features, it may be that some of the omitted features have sizable inner
products with the supervised principal component (and could act as a good
surrogate). In addition, highly correlated features will tend to be chosen
together, and there may be great deal of redundancy in the set of selected
features.
The lasso (Sections 18.4 and 3.4.2), on the other hand, produces a sparse

model from the data. How do the test errors of the two methods compare on
the simulated example of the last section? Figure 18.17 shows the test errors
for one realization from model (18.37) for the lasso, supervised principal
components, and the pre-conditioned lasso (described below).

We see that supervised principal components (orange curve) reaches its
lowest error when about 50 features are included in the model, which is
the correct number for the simulation. Although a linear model in the first
50 features is optimal, the lasso (green) is adversely affected by the large
number of noisy features, and starts overfitting when far fewer are in the
model.
Can we get the low test error of supervised principal components along

with the sparsity of the lasso? This is the goal of pre-conditioning (Paul
et al., 2008). In this approach, one first computes the supervised principal
component predictor ŷi for each observation in the training set (with the
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FIGURE 18.17. Test errors for the lasso, supervised principal components,
and pre-conditioned lasso, for one realization from model (18.37). Each model is
indexed by the number of non-zero features. The supervised principal component
path is truncated at 250 features. The lasso self-truncates at 100, the sample size
(see Section 18.4). In this case, the pre-conditioned lasso achieves the lowest error
with about 25 features.

threshold selected by cross-validation). Then we apply the lasso with ŷi as
the outcome variable, in place of the usual outcome yi. All features are used
in the lasso fit, not just those that were retained in the thresholding step
in supervised principal components. The idea is that by first denoising the
outcome variable, the lasso should not be as adversely affected by the large
number of noise features. Figure 18.17 shows that pre-conditioning (purple
curve) has been successful here, yielding much lower test error than the
usual lasso, and as low (in this case) as for supervised principal components.
It also can achieve this using less features. The usual lasso, applied to
the raw outcome, starts to overfit more quickly than the pre-conditioned
version. Overfitting is not a problem, since the outcome variable has been
denoised. We usually select the tuning parameter for the pre-conditioned
lasso on more subjective grounds, like parsimony.
Pre-conditioning can be applied in a variety of settings, using initial

estimates other than supervised principal components and post-processors
other than the lasso. More details may be found in Paul et al. (2008).

18.7 Feature Assessment and the Multiple-Testing
Problem

In the first part of this chapter we discuss prediction models in the p≫ N
setting. Here we consider the more basic problem of assessing the signif-
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icance of each of the p features. Consider the protein mass spectrometry
example of Section 18.4.1. In that problem, the scientist might not be inter-
ested in predicting whether a given patient has prostate cancer. Rather the
goal might be to identify proteins whose abundance differs between nor-
mal and cancer samples, in order to enhance understanding of the disease
and suggest targets for drug development. Thus our goal is to assess the
significance of individual features. This assessment is usually done without
the use of a multivariate predictive model like those in the first part of this
chapter. The feature assessment problem moves our focus from prediction
to the traditional statistical topic of multiple hypothesis testing. For the
remainder of this chapter we will use M instead of p to denote the number
of features, since we will frequently be referring to p-values.

TABLE 18.4. Subset of the 12, 625 genes from microarray study of radiation
sensitivity. There are a total of 44 samples in the normal group and 14 in the
radiation sensitive group; we only show three samples from each group.

Normal Radiation Sensitive

Gene 1 7.85 29.74 29.50 . . . 17.20 -50.75 -18.89 . . .
Gene 2 15.44 2.70 19.37 . . . 6.57 -7.41 79.18 . . .
Gene 3 -1.79 15.52 -3.13 . . . -8.32 12.64 4.75 . . .
Gene 4 -11.74 22.35 -36.11 . . . -52.17 7.24 -2.32 . . .
...

...
...

...
...

...
...

...
...

Gene 12,625 -14.09 32.77 57.78 . . . -32.84 24.09 -101.44 . . .

Consider, for example, the microarray data in Table 18.4, taken from a
study on the sensitivity of cancer patients to ionizing radiation treatment
(Rieger et al., 2004). Each row consists of the expression of genes in 58
patient samples: 44 samples were from patients with a normal reaction, and
14 from patients who had a severe reaction to radiation. The measurements
were made on oligo-nucleotide microarrays. The object of the experiment
was to find genes whose expression was different in the radiation sensitive
group of patients. There are M = 12, 625 genes altogether; the table shows
the data for some of the genes and samples for illustration.
To identify informative genes, we construct a two-sample t-statistic for

each gene.

tj =
x̄2j − x̄1j

sej
, (18.38)

where x̄kj =
∑

i∈Cℓ
xij/Nℓ. Here Cℓ are the indices of the Nℓ samples in

group ℓ, where ℓ = 1 is the normal group and ℓ = 2 is the sensitive group.
The quantity sej is the pooled within-group standard error for gene j:
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FIGURE 18.18. Radiation sensitivity microarray example. A histogram of the
12, 625 t-statistics comparing the radiation-sensitive versus insensitive groups.
Overlaid in blue is the histogram of the t-statistics from 1000 permutations of the
sample labels.

sej = σ̂j

√
1
N1

+ 1
N2

; σ̂2
j = 1

N1+N2−2

(∑

i∈C1

(xij − x̄1j)2 +
∑

i∈C2

(xij − x̄2j)2
)
.

(18.39)
A histogram of the 12,625 t-statistics is shown in orange in Figure 18.18,
ranging in value from −4.7 to 5.0. If the tj values were normally distributed
we could consider any value greater than two in absolute value to be sig-
nificantly large. This would correspond to a significance level of about 5%.
Here there are 1189 genes with |tj | ≥ 2. However with 12,625 genes we
would expect many large values to occur by chance, even if the group-
ing is unrelated to any gene. For example, if the genes were independent
(which they are surely not), the number of falsely significant genes would
have a binomial distribution with mean 12, 625 · 0.05 = 631.3 and standard
deviation 24.5; the actual 1189 is way out of range.
How do we assess the results for all 12,625 genes? This is called the mul-

tiple testing problem. We can start as above by computing a p-value for
each gene. This can be done using the theoretical t-distribution probabil-
ities, which assumes the features are normally distributed. An attractive
alternative approach is to use the permutation distribution, since it avoids
assumptions about the distribution of the data. We compute (in principle)
all K =

(
58
14

)
permutations of the sample labels, and for each permutation

k compute the t-statistics tkj . Then the p-value for gene j is
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pj =
1

K

K∑

k=1

I(|tkj | > |tj |). (18.40)

Of course,
(
58
14

)
is a large number (around 1013) and so we can’t enumer-

ate all of the possible permutations. Instead we take a random sample of
the possible permutations; here we took a random sample of K = 1000
permutations.
To exploit the fact that the genes are similar (e.g., measured on the

same scale), we can instead pool the results for all genes in computing the
p-values.

pj =
1

MK

M∑

j′=1

K∑

k=1

I(|tkj′ | > |tj |). (18.41)

This also gives more granular p-values than does (18.40), since there many
more values in the pooled null distribution than there are in each individual
null distribution.
Using this set of p-values, we would like to test the hypotheses:

H0j = treatment has no effect on gene j

versus (18.42)

H1j = treatment has an effect on gene j

for all j = 1, 2, . . . ,M . We reject H0j at level α if pj < α. This test has
type-I error equal to α; that is, the probability of falsely rejecting H0j is α.
Now with many tests to consider, it is not clear what we should use

as an overall measure of error. Let Aj be the event that H0j is falsely
rejected; by definition Pr(Aj) = α. The family-wise error rate (FWER)
is the probability of at least one false rejection, and is a commonly used
overall measure of error. In detail, if A = ∪Mj=1Aj is the event of at least
one false rejection, then the FWER is Pr(A). Generally Pr(A) ≫ α for
large M , and depends on the correlation between the tests. If the tests are
independent each with type-I error rate α, then the family-wise error rate
of the collection of tests is (1− (1− α)M ). On the other hand, if the tests
have positive dependence, that is Pr(Aj |Ak) > Pr(Aj), then the FWER
will be less than (1 − (1 − α)M ). Positive dependence between tests often
occurs in practice, in particular in genomic studies.
One of the simplest approaches to multiple testing is the Bonferroni

method. It makes each individual test more stringent, in order to make the
FWER equal to at most α: we reject H0j if pj < α/M . It is easy to show
that the resulting FWER is ≤ α (Exercise 18.16). The Bonferroni method
can be useful ifM is relatively small, but for largeM it is too conservative,
that is, it calls too few genes significant.
In our example, if we test at level say α = 0.05, then we must use the

threshold 0.05/12, 625 = 3.9×10−6. None of the 12, 625 genes had a p-value
this small.



18.7 Feature Assessment and the Multiple-Testing Problem 687

There are variations to this approach that adjust the individual p-values
to achieve an FWER of at most α, with some approaches avoiding the
assumption of independence; see, e.g., Dudoit et al. (2002b).

18.7.1 The False Discovery Rate

A different approach to multiple testing does not try to control the FWER,
but focuses instead on the proportion of falsely significant genes. As we will
see, this approach has a strong practical appeal.
Table 18.5 summarizes the theoretical outcomes of M hypothesis tests.

Note that the family-wise error rate is Pr(V ≥ 1). Here we instead focus

TABLE 18.5. Possible outcomes from M hypothesis tests. Note that V is the
number of false-positive tests; the type-I error rate is E(V )/M0. The type-II error
rate is E(T )/M1, and the power is 1− E(T )/M1.

Called Called
Not Significant Significant Total

H0 True U V M0

H0 False T S M1

Total M −R R M

on the false discovery rate

FDR = E(V/R). (18.43)

In the microarray setting, this is the expected proportion of genes that
are incorrectly called significant, among the R genes that are called signif-
icant. The expectation is taken over the population from which the data
are generated. Benjamini and Hochberg (1995) first proposed the notion of
false discovery rate, and gave a testing procedure (Algorithm 18.2) whose
FDR is bounded by a user-defined level α. The Benjamini–Hochberg (BH)
procedure is based on p-values; these can be obtained from an asymptotic
approximation to the test statistic (e.g., Gaussian), or a permutation dis-
tribution, as is done here.
If the hypotheses are independent, Benjamini and Hochberg (1995) show

that regardless of how many null hypotheses are true and regardless of the
distribution of the p-values when the null hypothesis is false, this procedure
has the property

FDR ≤ M0

M
α ≤ α. (18.45)

For illustration we chose α = 0.15. Figure 18.19 shows a plot of the or-
dered p-values p(j), and the line with slope 0.15/12625.
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Algorithm 18.2 Benjamini–Hochberg (BH) Method.

1. Fix the false discovery rate α and let p(1) ≤ p(2) ≤ · · · ≤ p(M) denote
the ordered p-values

2. Define

L = max
{
j : p(j) < α · j

M

}
. (18.44)

3. Reject all hypotheses H0j for which pj ≤ p(L), the BH rejection
threshold.
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FIGURE 18.19. Microarray example continued. Shown is a plot of the ordered
p-values p(j) and the line 0.15 · (j/12, 625), for the Benjamini–Hochberg method.
The largest j for which the p-value p(j) falls below the line, gives the BH threshold.
Here this occurs at j = 11, indicated by the vertical line. Thus the BH method
calls significant the 11 genes (in red) with smallest p-values.
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Algorithm 18.3 The Plug-in Estimate of the False Discovery Rate.

1. Create K permutations of the data, producing t-statistics tkj for fea-
tures j = 1, 2, . . . ,M and permutations k = 1, 2, . . . ,K.

2. For a range of values of the cut-point C, let

Robs =
M∑

j=1

I(|tj | > C), Ê(V ) =
1

K

M∑

j=1

K∑

k=1

I(|tkj | > C). (18.46)

3. Estimate the FDR by F̂DR = Ê(V )/Robs.

Starting at the left and moving right, the BH method finds the last time
that the p-values fall below the line. This occurs at j = 11, so we reject
the 11 genes with smallest p-values. Note that the cutoff occurs at the 11th
smallest p-value, 0.00012, and the 11th largest of the values |tj | is 4.101
Thus we reject the 11 genes with |tj | ≥ 4.101.

From our brief description, it is not clear how the BH procedure works;
that is, why the corresponding FDR is at most 0.15, the value used for α.
Indeed, the proof of this fact is quite complicated (Benjamini and Hochberg,
1995).
A more direct way to proceed is a plug-in approach. Rather than starting

with a value for α, we fix a cut-point for our t-statistics, say the value
4.101 that appeared above. The number of observed values |tj | equal or
greater than 4.101 is 11. The total number of permutation values |tkj | equal
or greater than 4.101 is 1518, for an average of 1518/1000 = 1.518 per

permutation. Thus a direct estimate of the false discovery rate is F̂DR =
1.518/11 ≈ 14%. Note that 14% is approximately equal to the value of
α = 0.15 used above (the difference is due to discreteness). This procedure
is summarized in Algorithm 18.3. To recap:

The plug-in estimate of FDR of Algorithm 18.3 is equivalent to the BH
procedure of Algorithm 18.2, using the permutation p-values (18.40).

This correspondence between the BH method and the plug-in estimate is
not a coincidence. Exercise 18.17 shows that they are equivalent in general.
Note that this procedure makes no reference to p-values at all, but rather
works directly with the test statistics.
The plug-in estimate is based on the approximation

E(V/R) ≈ E(V )

E(R)
, (18.47)

and in general F̂DR is a consistent estimate of FDR (Storey, 2002; Storey et

al., 2004). Note that the numerator Ê(V ) actually estimates (M/M0)E(V ),
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since the permutation distribution uses M rather M0 null hypotheses.
Hence if an estimate of M0 is available, a better estimate of FDR can be

obtained from (M̂0/M) · F̂DR. Exercise 18.19 shows a way to estimate M0.
The most conservative (upwardly biased) estimate of FDR uses M0 = M .
Equivalently, an estimate of M0 can be used to improve the BH method,
through relation (18.45).
The reader might be surprised that we chose a value as large as 0.15 for

α, the FDR bound. We must remember that the FDR is not the same as
type-I error, for which 0.05 is the customary choice. For the scientist, the
false discovery rate is the expected proportion of false positive genes among
the list of genes that the statistician tells him are significant. Microarray
experiments with FDRs as high as 0.15 might still be useful, especially if
they are exploratory in nature.

18.7.2 Asymmetric Cutpoints and the SAM Procedure

In the testing methods described above, we used the absolute value of the
test statistic tj , and hence applied the same cut-points to both positive and
negative values of the statistic. In some experiments, it might happen that
most or all of the differentially expressed genes change in the positive direc-
tion (or all in the negative direction). For this situation it is advantageous
to derive separate cut-points for the two cases.
The significance analysis of microarrays (SAM) approach offers a way of

doing this. The basis of the SAM method is shown in Figure 18.20. On the
vertical axis we have plotted the ordered test statistics t(1) ≤ t(2) ≤ · · · ≤
t(M), while the horizontal axis shows the expected order statistics from the

permutations of the data: t̃(j) = (1/K)
∑K

k=1 t
k
(j), where t

k
(1) ≤ tk(2) ≤ · · · ≤

tk(M) are the ordered test statistics from permutation k.
Two lines are drawn, parallel to the 45◦ line, ∆ units away. Starting at

the origin and moving to the right, we find the first place that the genes
leave the band. This defines the upper cutpoint Chi and all genes beyond
that point are called significant (marked red). Similarly we find the lower
cutpoint Clow for genes in the bottom left corner. Thus each value of the
tuning parameter ∆ defines upper and lower cutpoints, and the plug-in

estimate F̂DR for each of these cutpoints is estimated as before. Typically

a range of values of ∆ and associated F̂DR values are computed, from which
a particular pair are chosen on subjective grounds.
The advantage of the SAM approach lies in the possible asymmetry of

the cutpoints. In the example of Figure 18.20, with ∆ = 0.71 we obtain
11 significant genes; they are all in the upper right. The data points in the
bottom left never leave the band, and hence Clow = −∞. Hence for this
value of ∆, no genes are called significant on the left (negative) side. We
do not impose symmetry on the cutpoints, as was done in Section 18.7.1,
as there is no reason to assume similar behavior at the two ends.
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FIGURE 18.20. SAM plot for the radiation sensitivity microarray data. On the
vertical axis we have plotted the ordered test statistics, while the horizontal axis
shows the expected order statistics of the test statistics from permutations of the
data. Two lines are drawn, parallel to the 45◦ line, ∆ units away from it. Starting
at the origin and moving to the right, we find the first place that the genes leave
the band. This defines the upper cut-point Chi and all genes beyond that point are
called significant (marked in red). Similarly we define a lower cutpoint Clow. For
the particular value of ∆ = 0.71 in the plot, no genes are called significant in the
bottom left.
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There is some similarity between this approach and the asymmetry possi-
ble with likelihood-ratio tests. Suppose we have a log-likelihood ℓ0(tj) under
the null-hypothesis of no effect, and a log-likelihood ℓ(tj) under the alterna-
tive. Then a likelihood ratio test amounts to rejecting the null-hypothesis
if

ℓ(tj)− ℓ0(tj) > ∆, (18.48)

for some ∆. Depending on the likelihoods, and particularly their relative
values, this can result in a different threshold for tj than for −tj . The SAM
procedure rejects the null-hypothesis if

|t(j) − t̃(j)| > ∆ (18.49)

Again, the threshold for each t(j) depends on the corresponding value of

the null value t̃(j).

18.7.3 A Bayesian Interpretation of the FDR

There is an interesting Bayesian view of the FDR, developed in Storey
(2002) and Efron and Tibshirani (2002). First we need to define the positive
false discovery rate (pFDR) as

pFDR = E

[
V

R

∣∣∣∣R > 0

]
. (18.50)

The additional term positive refers to the fact that we are only interested
in estimating an error rate where positive findings have occurred. It is
this slightly modified version of the FDR that has a clean Bayesian inter-
pretation. Note that the usual FDR [expression (18.43)] is not defined if
Pr(R = 0) > 0.
Let Γ be a rejection region for a single test; in the example above we used

Γ = (−∞,−4.10) ∪ (4.10,∞). Suppose that M identical simple hypothe-
sis tests are performed with the i.i.d. statistics t1, . . . , tM and rejection
region Γ. We define a random variable Zj which equals 0 if the jth null
hypothesis is true, and 1 otherwise. We assume that each pair (tj , Zj) are
i.i.d random variables with

tj |Zj ∼ (1− Zj) · F0 + Zj · F1 (18.51)

for some distributions F0 and F1. This says that each test statistic tj comes
from one of two distributions: F0 if the null hypothesis is true, and F1

otherwise. Letting Pr(Zj = 0) = π0, marginally we have:

tj ∼ π0 · F0 + (1− π0) · F1. (18.52)

Then it can be shown (Efron et al., 2001; Storey, 2002) that
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pFDR(Γ) = Pr(Zj = 0|tj ∈ Γ). (18.53)

Hence under the mixture model (18.51), the pFDR is the posterior proba-
bility that the null hypothesis it true, given that test statistic falls in the
rejection region for the test; that is, given that we reject the null hypothesis
(Exercise 18.20).
The false discovery rate provides a measure of accuracy for tests based

on an entire rejection region, such as |tj | ≥ 2. But if the FDR of such a test
is say 10%, then a gene with say tj = 5 will be more significant than a gene
with tj = 2. Thus it is of interest to derive a local (gene-specific) version
of the FDR. The q-value (Storey, 2003) of a test statistic tj is defined to
be the smallest FDR over all rejection regions that reject tj . That is, for
symmetric rejection regions, the q-value for tj = 2 is defined to be the
FDR for the rejection region Γ = {−(∞,−2) ∪ (2,∞)}. Thus the q-value
for tj = 5 will be smaller than that for tj = 2, reflecting the fact that tj = 5
is more significant than tj = 2. The local false discovery rate (Efron and
Tibshirani, 2002) at t = t0 is defined to be

Pr(Zj = 0|tj = t0). (18.54)

This is the (positive) FDR for an infinitesimal rejection region surrounding
the value tj = t0.

18.8 Bibliographic Notes

Many references were given at specific points in this chapter; we give some
additional ones here. Dudoit et al. (2002a) give an overview and compar-
ison of discrimination methods for gene expression data. Levina (2002)
does some mathematical analysis comparing diagonal LDA to full LDA, as
p,N →∞ with p > N . She shows that with reasonable assumptions diago-
nal LDA has a lower asymptotic error rate than full LDA. Tibshirani et al.
(2001a) and Tibshirani et al. (2003) proposed the nearest shrunken-centroid
classifier. Zhu and Hastie (2004) study regularized logistic regression. High-
dimensional regression and the lasso are very active areas of research, and
many references are given in Section 3.8.5. The fused lasso was proposed
by Tibshirani et al. (2005), while Zou and Hastie (2005) introduced the
elastic net. Supervised principal components is discussed in Bair and Tib-
shirani (2004) and Bair et al. (2006). For an introduction to the analysis
of censored survival data, see Kalbfleisch and Prentice (1980).
Microarray technology has led to a flurry of statistical research: see for

example the books by Speed (2003), Parmigiani et al. (2003), Simon et al.
(2004), and Lee (2004).
The false discovery rate was proposed by Benjamini and Hochberg (1995),

and studied and generalized in subsequent papers by these authors and
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many others. A partial list of papers on FDR may be found on Yoav Ben-
jamini’s homepage. Some more recent papers include Efron and Tibshirani
(2002), Storey (2002), Genovese and Wasserman (2004), Storey and Tib-
shirani (2003) and Benjamini and Yekutieli (2005). Dudoit et al. (2002b)
review methods for identifying differentially expressed genes in microarray
studies.

Exercises

Ex. 18.1 For a coefficient estimate β̂j , let β̂j/||β̂j ||2 be the normalized ver-
sion. Show that as λ→∞, the normalized ridge-regression estimates con-
verge to the renormalized partial-least-squares one-component estimates.

Ex. 18.2 Nearest shrunken centroids and the lasso. Consider a (naive Bayes)
Gaussian model for classification in which the features j = 1, 2, . . . , p are
assumed to be independent within each class k = 1, 2, . . . ,K. With ob-
servations i = 1, 2, . . . , N and Ck equal to the set of indices of the Nk

observations in class k, we observe xij ∼ N(µj + µjk, σ
2
j ) for i ∈ Ck with∑K

k=1 µjk = 0. Set σ̂2
j = s2j , the pooled within-class variance for feature j,

and consider the lasso-style minimization problem

min
{µj ,µjk}





1

2

p∑

j=1

K∑

k=1

∑

i∈Ck

(xij − µj − µjk)
2

s2j
+ λ

√
Nk

p∑

j=1

K∑

k=1

|µjk|
sj

.



(18.55)

Show that the solution is equivalent to the nearest shrunken centroid es-
timator (18.5), with s0 set to zero, and Mk equal to 1/Nk instead of
1/Nk − 1/N as before.

Ex. 18.3 Show that the fitted coefficients for the regularized multiclass
logistic regression problem (18.10) satisfy

∑K
k=1 β̂kj = 0, j = 1, . . . , p.

What about the β̂k0? Discuss issues with these constant parameters, and
how they can be resolved.

Ex. 18.4 Derive the computational formula (18.15) for ridge regression.
[Hint: Use the first derivative of the penalized sum-of-squares criterion to

show that if λ > 0, then β̂ = XT s for some s ∈ IRN .]

Ex. 18.5 Prove the theorem (18.16)–(18.17) in Section 18.3.5, by decom-
posing β and the rows of X into their projections into the column space of
V and its complement in IRp.

Ex. 18.6 Show how the theorem in Section 18.3.5 can be applied to regu-
larized discriminant analysis [Section 4.14 and Equation (18.9)].
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Ex. 18.7 Consider a linear regression problem where p ≫ N , and assume
the rank of X is N . Let the SVD of X = UDVT = RVT , where R is
N ×N nonsingular, and V is p×N with orthonormal columns.

(a) Show that there are infinitely many least-squares solutions all with
zero residuals.

(b) Show that the ridge-regression estimate for β can be written

β̂λ = V(RTR+ λI)−1RTy (18.56)

(c) Show that when λ = 0, the solution β̂0 = VD−1UTy has residuals
all equal to zero, and is unique in that it has the smallest Euclidean
norm amongst all zero-residual solutions.

Ex. 18.8 Data Piling. Exercise 4.2 shows that the two-class LDA solution
can be obtained by a linear regression of a binary response vector y con-
sisting of −1s and +1s. The prediction β̂Tx for any x is (up to a scale and
shift) the LDA score δ(x). Suppose now that p≫ N .

(a) Consider the linear regression model f(x) = α + βTx fit to a binary
response Y ∈ {−1,+1}. Using Exercise 18.7, show that there are

infinitely many directions defined by β̂ in IRp onto which the data
project to exactly two points, one for each class. These are known as
data piling directions (Ahn and Marron, 2005).

(b) Show that the distance between the projected points is 2/||β̂||, and
hence these directions define separating hyperplanes with that mar-
gin.

(c) Argue that there is a single maximal data piling direction for which

this distance is largest, and is defined by β̂0 = VD−1UTy = X−y,
where X = UDVT is the SVD of X.

Ex. 18.9 Compare the data piling direction of Exercise 18.8 to the direction
of the optimal separating hyperplane (Section 4.5.2) qualitatively. Which
makes the widest margin, and why? Use a small simulation to demonstrate
the difference.

Ex. 18.10 When p ≫ N , linear discriminant analysis (see Section 4.3) is
degenerate because the within-class covariance matrix W is singular. One
version of regularized discriminant analysis (4.14) replaces W by a ridged
version W + λI, leading to a regularized discriminant function δλ(x) =
xT (W + λI)−1(x̄1 − x̄−1). Show that δ0(x) = limλ↓0 δλ(x) corresponds to
the maximal data piling direction defined in Exercise 18.8.

Ex. 18.11 Suppose you have a sample of N pairs (xi, yi), with yi binary
and xi ∈ IR1. Suppose also that the two classes are separable; e.g., for each
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pair i, i′ with yi = 0 and yi′ = 1, xi′ − xi ≥ C for some C > 0. You wish
to fit a linear logistic regression model logitPr(Y = 1|X) = α + βX by

maximum-likelihood. Show that β̂ is undefined.

Ex. 18.12 Suppose we wish to select the ridge parameter λ by 10-fold cross-
validation in a p≫ N situation (for any linear model). We wish to use the
computational shortcuts described in Section 18.3.5. Show that we need
only to reduce the N × p matrix X to the N ×N matrix R once, and can
use it in all the cross-validation runs.

Ex. 18.13 Suppose our p > N predictors are presented as an N ×N inner-
product matrix K = XXT , and we wish to fit the equivalent of a linear
logistic regression model in the original features with quadratic regulariza-
tion. Our predictions are also to be made using inner products; a new x0
is presented as k0 = Xx0. Let K = UD2UT be the eigen-decomposition of
K. Show that the predictions are given by f̂0 = kT0 α̂, where

(a) α̂ = UD−1β̂, and

(b) β̂ is the ridged logistic regression estimate with input matrix R =
UD.

Argue that the same approach can be used for any appropriate kernel
matrix K.

Ex. 18.14 Distance weighted 1-NN classification. Consider the 1-nearest-
neighbor method (Section 13.3) in a two-class classification problem. Let
d+(x0) be the shortest distance to a training observation in class +1, and
likewise d−(x0) the shortest distance for class −1. Let N− be the number
of samples in class −1, N+ the number in class +1, and N = N− +N+.

(a) Show that

δ(x0) = log
d−(x0)

d+(x0)
(18.57)

can be viewed as a nonparametric discriminant function correspond-
ing to 1-NN classification. [Hint: Show that f̂+(x0) = 1

N+d+(x0)
can

be viewed as a nonparametric estimate of the density in class +1 at
x0].

(b) How would you modify this function to introduce class prior probabil-
ities π+ and π− different from the sample-priors N+/N and N−/N?

(c) How would you generalize this approach for K-NN classification?

Ex. 18.15 Kernel PCA. In Section 18.5.2 we show how to compute the
principal component variables Z from an uncentered inner-product matrix
K. We compute the eigen-decomposition (I −M)K(I −M) = UD2UT ,
with M = 11T /N , and then Z = UD. Suppose we have the inner-product
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vector k0, containing the N inner-products between a new point x0 and
each of the xi in our training set. Show that the (centered) projections of
x0 onto the principal-component directions are given by

z0 = D−1UT (I−M) [k0 −K1/N ] . (18.58)

Ex. 18.16 Bonferroni method for multiple comparisons. Suppose we are in
a multiple-testing scenario with null hypotheses H0j , j = 1, 2, . . . ,M , and
corresponding p-values pj , i = 1, 2, . . . ,M . Let A be the event that at least
one null hypothesis is falsely rejected, and let Aj be the event that the
jth null hypothesis is falsely rejected. Suppose that we use the Bonferroni
method, rejecting the jth null hypothesis if pj < α/M .

(a) Show that Pr(A) ≤ α. [Hint: Pr(Aj ∪ Aj′) = Pr(Aj) + Pr(Aj′) −
Pr(Aj ∩Aj′)]

(b) If the hypotheses H0j , j = 1, 2, . . . ,M , are independent, then Pr(A) =

1−Pr(AC) = 1−∏M
j=1 Pr(A

C
j ) = 1− (1−α/M)M . Use this to show

that Pr(A) ≈ α in this case.

Ex. 18.17 Equivalence between Benjamini–Hochberg and plug-in methods.

(a) In the notation of Algorithm 18.2, show that for rejection threshold
p0 = p(L), a proportion of at most p0 of the permuted values tkj
exceed |T |(L) where |T |(L) is the Lth largest value among the |tj |.
Hence show that the plug-in FDR estimate F̂DR is less than or equal
to p0 ·M/L = α.

(b) Show that the cut-point |T |(L+1) produces a test with estimated FDR
greater than α.

Ex. 18.18 Use result (18.53) to show that

pFDR =
π0 · {Type I error of Γ}

π0 · {Type I error of Γ}+ π1{Power of Γ}
(18.59)

(Storey, 2003).

Ex. 18.19 Consider the data in Table 18.4 of Section (18.7), available from
the book website.

(a) Using a symmetric two-sided rejection region based on the t-statistic,
compute the plug-in estimate of the FDR for various values of the
cut-point.

(b) Carry out the BH procedure for various FDR levels α and show the
equivalence of your results, with those from part (a).
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(c) Let (q.25, q.75) be the quartiles of the t-statistics from the permuted
datasets. Let π̂0 = {#tj ∈ (q.25, q.75)}/(.5M), and set π̂0 = min(π̂0, 1).
Multiply the FDR estimates from (a) by π̂0 and examine the results.

(d) Give a motivation for the estimate in part (c).

(Storey, 2003)

Ex. 18.20 Proof of result (18.53). Write

pFDR = E

(
V

R
|R > 0

)
(18.60)

=
M∑

k=1

E

[
V

R
|R = k

]
Pr(R = k|R > 0) (18.61)

Use the fact that given R = k, V is a binomial random variable, with k
trials and probability of success Pr(H = 0|T ∈ Γ), to complete the proof.
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Jirouśek, R. and Přeučil, S. (1995). On the effective implementation of the
iterative proportional fitting procedure, Computational Statistics and
Data Analysis 19: 177–189.

Johnson, N. (2008). A study of the NIPS feature selection challenge, Sub-
mitted.



714 References

Joliffe, I. T., Trendafilov, N. T. and Uddin, M. (2003). A modified principal
component technique based on the lasso, Journal of Computational
and Graphical Statistics 12: 531–547.

Jones, L. (1992). A simple lemma on greedy approximation in Hilbert space
and convergence rates for projection pursuit regression and neural
network training, Annals of Statistics 20: 608–613.

Jordan, M. (2004). Graphical models, Statistical Science (Special Issue on
Bayesian Statistics) 19: 140–155.

Jordan, M. and Jacobs, R. (1994). Hierachical mixtures of experts and the
EM algorithm, Neural Computation 6: 181–214.

Kalbfleisch, J. and Prentice, R. (1980). The Statistical Analysis of Failure
Time Data, Wiley, New York.

Kaufman, L. and Rousseeuw, P. (1990). Finding Groups in Data: An In-
troduction to Cluster Analysis, Wiley, New York.

Kearns, M. and Vazirani, U. (1994). An Introduction to Computational
Learning Theory, MIT Press, Cambridge, MA.

Kittler, J., Hatef, M., Duin, R. and Matas, J. (1998). On combining classi-
fiers, IEEE Transaction on Pattern Analysis and Machine Intelligence
20(3): 226–239.

Kleinberg, E. M. (1990). Stochastic discrimination, Annals of Mathematical
Artificial Intelligence 1: 207–239.

Kleinberg, E. M. (1996). An overtraining-resistant stochastic modeling
method for pattern recognition, Annals of Statistics 24: 2319–2349.

Knight, K. and Fu, W. (2000). Asymptotics for lasso-type estimators,
Annals of Statistics 28(5): 1356–1378.

Koh, K., Kim, S.-J. and Boyd, S. (2007). An interior-point method
for large-scale L1-regularized logistic regression, Journal of Machine
Learning Research 8: 1519–1555.

Kohavi, R. (1995). A study of cross-validation and bootstrap for accu-
racy estimation and model selection, International Joint Conference
on Artificial Intelligence (IJCAI), Morgan Kaufmann, pp. 1137–1143.

Kohonen, T. (1989). Self-Organization and Associative Memory (3rd edi-
tion), Springer, Berlin.

Kohonen, T. (1990). The self-organizing map, Proceedings of the IEEE
78: 1464–1479.



References 715

Kohonen, T., Kaski, S., Lagus, K., Salojärvi, J., Paatero, A. and Saarela,
A. (2000). Self-organization of a massive document collection, IEEE
Transactions on Neural Networks 11(3): 574–585. Special Issue on
Neural Networks for Data Mining and Knowledge Discovery.

Koller, D. and Friedman, N. (2007). Structured Probabilistic Models, Stan-
ford Bookstore Custom Publishing. (Unpublished Draft).

Kressel, U. (1999). Pairwise classification and support vector machines,
in B. Schölkopf, C. Burges and A. Smola (eds), Advances in Ker-
nel Methods - Support Vector Learning, MIT Press, Cambridge, MA.,
pp. 255–268.

Lambert, D. (1992). Zero-inflated Poisson regression, with an application
to defects in manufacturing, Technometrics 34(1): 1–14.

Lange, K. (2004). Optimization, Springer, New York.

Lauritzen, S. (1996). Graphical Models, Oxford University Press.

Lauritzen, S. and Spiegelhalter, D. (1988). Local computations with proba-
bilities on graphical structures and their application to expert systems,
J. Royal Statistical Society B. 50: 157–224.

Lawson, C. and Hansen, R. (1974). Solving Least Squares Problems,
Prentice-Hall, Englewood Cliffs, NJ.

Le Cun, Y. (1989). Generalization and network design strategies, Techni-
cal Report CRG-TR-89-4, Department of Computer Science, Univ. of
Toronto.

Le Cun, Y., Boser, B., Denker, J., Henderson, D., Howard, R., Hubbard,
W. and Jackel, L. (1990). Handwritten digit recognition with a back-
propogation network, in D. Touretzky (ed.), Advances in Neural In-
formation Processing Systems, Vol. 2, Morgan Kaufman, Denver, CO,
pp. 386–404.

Le Cun, Y., Bottou, L., Bengio, Y. and Haffner, P. (1998). Gradient-based
learning applied to document recognition, Proceedings of the IEEE
86(11): 2278–2324.

Leathwick, J., Elith, J., Francis, M., Hastie, T. and Taylor, P. (2006). Vari-
ation in demersal fish species richness in the oceans surrounding new
zealand: an analysis using boosted regression trees, Marine Ecology
Progress Series 77: 802–813.

Leathwick, J., Rowe, D., Richardson, J., Elith, J. and Hastie, T. (2005).
Using multivariate adaptive regression splines to predict the distribu-
tions of New Zealand’s freshwater diadromous fish, Freshwater Biology
50: 2034–2051.



716 References

Leblanc, M. and Tibshirani, R. (1996). Combining estimates in regres-
sion and classification, Journal of the American Statistical Association
91: 1641–1650.

LeCun, Y., Bottou, L., Bengio, Y. and Haffner, P. (1998). Gradient-based
learning applied to document recognition, Proceedings of the IEEE
86(11): 2278–2324.

Lee, D. and Seung, H. (1999). Learning the parts of objects by non-negative
matrix factorization, Nature 401: 788.

Lee, D. and Seung, H. (2001). Algorithms for non-negative matrix factor-
ization, Advances in Neural Information Processing Systems, (NIPS
2001), Vol. 13, Morgan Kaufman, Denver., pp. 556–562.

Lee, M.-L. (2004). Analysis of Microarray Gene Expression Data, Kluwer
Academic Publishers.

Lee, S.-I., Ganapathi, V. and Koller, D. (2007). Efficient structure learning
of markov networks using l1-regularization, in B. Schölkopf, J. Platt
and T. Hoffman (eds), Advances in Neural Information Processing
Systems 19, MIT Press, Cambridge, MA, pp. 817–824.

Leslie, C., Eskin, E., Cohen, A., Weston, J. and Noble, W. S. (2004). Mis-
match string kernels for discriminative protein classification, Bioinfor-
matics 20(4): 467–476.

Levina, E. (2002). Statistical issues in texture analysis, PhD thesis, De-
partment. of Statistics, University of California, Berkeley.

Lin, H., McCulloch, C., Turnbull, B., Slate, E. and Clark, L. (2000). A
latent class mixed model for analyzing biomarker trajectories in lon-
gitudinal data with irregularly scheduled observations, Statistics in
Medicine 19: 1303–1318.

Lin, Y. and Zhang, H. (2006). Component selection and smoothing in
smoothing spline analysis of variance models, Annals of Statistics
34: 2272–2297.

Little, R. and Rubin, D. (2002). Statistical Analysis with Missing Data
(2nd Edition), Wiley, New York.

Lloyd, S. (1957). Least squares quantization in PCM., Technical report, Bell
Laboratories. Published in 1982 in IEEE Transactions on Information
Theory 28 128-137.

Loader, C. (1999). Local Regression and Likelihood, Springer, New York.



References 717

Loh, W. and Vanichsetakul, N. (1988). Tree structured classification via
generalized discriminant analysis, Journal of the American Statistical
Association 83: 715–728.

Lugosi, G. and Vayatis, N. (2004). On the bayes-risk consistency of regu-
larized boosting methods, Annals of Statistics 32(1): 30–55.

Macnaughton Smith, P., Williams, W., Dale, M. and Mockett, L. (1965).
Dissimilarity analysis: a new technique of hierarchical subdivision, Na-
ture 202: 1034–1035.

MacKay, D. (1992). A practical Bayesian framework for backpropagation
neural networks, Neural Computation 4: 448–472.

MacQueen, J. (1967). Some methods for classification and analysis of mul-
tivariate observations, Proceedings of the Fifth Berkeley Symposium
on Mathematical Statistics and Probability, eds. L.M. LeCam and J.
Neyman, University of California Press, pp. 281–297.

Madigan, D. and Raftery, A. (1994). Model selection and accounting for
model uncertainty using Occam’s window, Journal of the American
Statistical Association 89: 1535–46.

Mardia, K., Kent, J. and Bibby, J. (1979). Multivariate Analysis, Academic
Press.

Mason, L., Baxter, J., Bartlett, P. and Frean, M. (2000). Boosting algo-
rithms as gradient descent, 12: 512–518.

Massart, D., Plastria, F. and Kaufman, L. (1983). Non-hierarchical clus-
tering with MASLOC, The Journal of the Pattern Recognition Society
16: 507–516.

McCullagh, P. and Nelder, J. (1989). Generalized Linear Models, Chapman
and Hall, London.

McCulloch, W. and Pitts, W. (1943). A logical calculus of the ideas immi-
nent in nervous activity, Bulletin of Mathematical Biophysics 5: 115–
133. Reprinted in Anderson and Rosenfeld (1988), pp 96-104.

McLachlan, G. (1992). Discriminant Analysis and Statistical Pattern
Recognition, Wiley, New York.

Mease, D. and Wyner, A. (2008). Evidence contrary to the statistical view
of boosting (with discussion), Journal of Machine Learning Research
9: 131–156.

Meinshausen, N. (2007). Relaxed lasso, Computational Statistics and Data
Analysis 52(1): 374–393.



718 References
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Tusnády, G. 292

Uddin, M. 550

Valiant, L. G. 380
van der Merwe, A. 84
Van Loan, C. 335, 535
Vandenberghe, L. 632
Vanichsetakul, N. 310
Vapnik, V. 38, 102, 132, 135, 171,

257, 438, 455, 658
Vayatis, N. 384
Vazirani, U. 380
Verkamo, A. I. 489–491, 578
Vidakovic, B. 181
von Luxburg, U. 578

Wahba, G. 168, 169, 181, 257, 268,
428, 429, 455

Wainwright, M. 91
Wainwright, M. J. 642
Waldemar, G. 551
Walther, G. 88, 94, 519, 610, 614
Wang, P. 667
Ward, M. D. 664
Warmuth, M. 615
Wasserman, L. 90, 304, 626, 645,

693
Watkins, C. 658
Wegkamp, M. 91
Weisberg, S. 94
Werbos, P. 414
Wermuth, N. 645
Weston, J. 658, 668, 669
Whittaker, J. 632, 633, 641, 645
Wickerhauser, M. 181
Widrow, B. 396, 414
Wild, C. 300
Williams, R. 414
Williams, W. 526
Wilson, R. 57



736 Author Index

Winograd, T. 577
Wold, H. 94
Wolpert, D. 292
Wong, M. A. 510
Wong, W. 292
Wright, G. 664, 674, 693
Wright, M. 96, 421
Wu, T. 92, 294, 583
Wyner, A. 384, 603

Yang, N. 3, 49
Yang, Y. 686, 693
Yasui, Y. 664
Yeang, C. 654, 658
Yee, T. 300
Yekutieli, Y. 693
Yu, B. 90, 91, 384
Yuan, M. 90

Zhang, H. 90, 304, 428, 455
Zhang, J. 409–412, 605
Zhang, P. 257
Zhang, T. 384
Zhao, P. 90, 91
Zhao, Y. 693
Zhu, J. 89, 98, 174, 348, 349, 385,

426, 428, 434, 610, 611,
615, 657, 661, 664, 666,
693

Zidek, J. 84
Zou, H. 72, 78, 92, 349, 385, 550,
662, 693



This is page 737
Printer: Opaque this

Index

L1 regularization, see Lasso

Activation function, 392–395
AdaBoost, 337–346
Adaptive lasso, 92
Adaptive methods, 429
Adaptive nearest neighbor meth-

ods, 475–478
Adaptive wavelet filtering, 181
Additive model, 295–304
Adjusted response, 297
Affine set, 130
Affine-invariant average, 482, 540
AIC, see Akaike information cri-

terion
Akaike information criterion (AIC),

230
Analysis of deviance, 124
Applications

abstracts, 672
aorta, 204
bone, 152
California housing, 371–372,

591
countries, 517

demographics, 379–380
document, 532
flow cytometry, 637
galaxy, 201
heart attack, 122, 146, 207
lymphoma, 674
marketing, 488
microarray, 5, 505, 532
nested spheres, 590
New Zealand fish, 375–379
nuclear magnetic resonance,

176
ozone, 201
prostate cancer, 3, 49, 61, 608
protein mass spectrometry, 664
satellite image, 470
skin of the orange, 429–432
spam, 2, 300–304, 313, 320,

328, 352, 593
vowel, 440, 464
waveform, 451
ZIP code, 4, 404, 536–539

Archetypal analysis, 554–557
Association rules, 492–495, 499–

501
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Automatic relevance determination,
411

Automatic selection of smoothing
parameters , 156

B-Spline, 186
Back-propagation, 392–397, 408–

409
Backfitting, 297, 391
Backward

selection, 58
stepwise selection, 59

Backward pass, 396
Bagging, 282–288, 409, 587
Basis expansions and regulariza-

tion, 139–189
Basis functions, 141, 186, 189, 321,

328
Batch learning, 397
Baum–Welch algorithm, 272
Bayes

classifier, 21
factor, 234
methods, 233–235, 267–272
rate, 21

Bayesian, 409
Bayesian information criterion (BIC),

233
Benjamini–Hochberg method, 688
Best-subset selection, 57, 610
Between class covariance matrix,

114
Bias, 16, 24, 37, 160, 219
Bias-variance decomposition, 24,

37, 219
Bias-variance tradeoff, 37, 219
BIC, see Bayesian Information Cri-

terion
Boltzmann machines, 638–648
Bonferroni method, 686
Boosting, 337–386, 409

as lasso regression, 607–609
exponential loss and AdaBoost,

343
gradient boosting, 358

implementations, 360
margin maximization, 613
numerical optimization, 358
partial-dependence plots, 369
regularization path, 607
shrinkage, 364
stochastic gradient boosting,

365
tree size, 361
variable importance, 367

Bootstrap, 249, 261–264, 267, 271–
282, 587

relationship to Bayesian method,
271

relationship to maximum like-
lihood method, 267

Bottom-up clustering, 520–528
Bump hunting, see Patient rule

induction method
Bumping, 290–292

C5.0, 624
Canonical variates, 441
CART, see Classification and re-

gression trees
Categorical predictors, 10, 310
Censored data, 674
Classical multidimensional scaling,

570
Classification, 22, 101–137, 305–

317, 417–429
Classification and regression trees

(CART), 305–317
Clique, 628
Clustering, 501–528

k-means, 509–510
agglomerative, 523–528
hierarchical, 520–528

Codebook, 515
Combinatorial algorithms, 507
Combining models, 288–290
Committee, 289, 587, 605
Comparison of learning methods,

350–352
Complete data, 276



Index 739

Complexity parameter, 37
Computational shortcuts

quadratic penalty, 659
Condensing procedure, 480
Conditional likelihood, 31
Confusion matrix, 301
Conjugate gradients, 396
Consensus, 285–286
Convolutional networks, 407
Coordinate descent, 92, 636, 668
COSSO, 304
Cost complexity pruning, 308
Covariance graph, 631
Cp statistic, 230
Cross-entropy, 308–310
Cross-validation, 241–245
Cubic smoothing spline, 151–153
Cubic spline, 151–153
Curse of dimensionality, 22–26

Dantzig selector, 89
Data augmentation, 276
Daubechies symmlet-8 wavelets,

176
De-correlation, 597
Decision boundary, 13–15, 21
Decision trees, 305–317
Decoder, 515, see encoder
Decomposable models, 641
Degrees of freedom

in an additive model, 302
in ridge regression, 68
of a tree, 336
of smoother matrices, 153–154,

158
Delta rule, 397
Demmler-Reinsch basis for splines,

156
Density estimation, 208–215
Deviance, 124, 309
Diagonal linear discriminant anal-

ysis, 651–654
Dimension reduction, 658

for nearest neighbors, 479
Discrete variables, 10, 310–311

Discriminant
adaptive nearest neighbor clas-

sifier, 475–480
analysis, 106–119
coordinates, 108
functions, 109–110

Dissimilarity measure, 503–504
Dummy variables, 10

Early stopping, 398
Effective degrees of freedom, 17,

68, 153–154, 158, 232, 302,
336

Effective number of parameters,
15, 68, 153–154, 158, 232,
302, 336

Eigenvalues of a smoother matrix,
154

Elastic net, 662
EM algorithm, 272–279

as a maximization-maximization
procedure, 277

for two component Gaussian
mixture, 272

Encoder, 514–515
Ensemble, 616–623
Ensemble learning, 605–624
Entropy, 309
Equivalent kernel, 156
Error rate, 219–230
Error-correcting codes, 606
Estimates of in-sample prediction

error, 230
Expectation-maximization algorithm,

see EM algorithm
Extra-sample error, 228

False discovery rate, 687–690, 692,
693

Feature, 1
extraction, 150
selection, 409, 658, 681–683

Feed-forward neural networks, 392–
408
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Fisher’s linear discriminant, 106–
119, 438

Flexible discriminant analysis, 440–
445

Forward
selection, 58
stagewise, 86, 608
stagewise additive modeling,

342
stepwise, 73

Forward pass algorithm, 395
Fourier transform, 168
Frequentist methods, 267
Function approximation, 28–36
Fused lasso, 666

Gap statistic, 519
Gating networks, 329
Gauss-Markov theorem, 51–52
Gauss-Newton method, 391
Gaussian (normal) distribution, 16
Gaussian graphical model, 630
Gaussian mixtures, 273, 463, 492,

509
Gaussian radial basis functions,

212
GBM, see Gradient boosting
GBM package, see Gradient boost-

ing
GCV, see Generalized cross-validation
GEM (generalized EM), 277
Generalization

error, 220
performance, 220

Generalized additive model, 295–
304

Generalized association rules, 497–
499

Generalized cross-validation, 244
Generalized linear discriminant anal-

ysis, 438
Generalized linear models, 125
Gibbs sampler, 279–280, 641

for mixtures, 280
Gini index, 309

Global Markov property, 628
Gradient Boosting, 359–361
Gradient descent, 358, 395–397
Graph Laplacian, 545
Graphical lasso, 636
Grouped lasso, 90

Haar basis function, 176
Hammersley-Clifford theorem, 629
Hard-thresholding, 653
Hat matrix, 46
Helix, 582
Hessian matrix, 121
Hidden nodes, 641–642
Hidden units, 393–394
Hierarchical clustering, 520–528
Hierarchical mixtures of experts,

329–332
High-dimensional problems, 649
Hints, 96
Hyperplane, see Separating Hy-

perplane

ICA, see Independent components
analysis

Importance sampling, 617
In-sample prediction error, 230
Incomplete data, 332
Independent components analysis,

557–570
Independent variables, 9
Indicator response matrix, 103
Inference, 261–294
Information

Fisher, 266
observed, 274

Information theory, 236, 561
Inner product, 53, 668, 670
Inputs, 10
Instability of trees, 312
Intercept, 11
Invariance manifold, 471
Invariant metric, 471
Inverse wavelet transform, 179
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IRLS, see Iteratively reweighted
least squares

Irreducible error, 224
Ising model, 638
ISOMAP, 572
Isometric feature mapping, 572
Iterative proportional scaling, 585
Iteratively reweighted least squares

(IRLS), 121

Jensen’s inequality, 293
Join tree, 629
Junction tree, 629

K-means clustering, 460, 509–514
K-medoid clustering, 515–520
K-nearest neighbor classifiers, 463
Karhunen-Loeve transformation (prin-

cipal components), 66–
67, 79, 534–539

Karush-Kuhn-Tucker conditions,
133, 420

Kernel
classification, 670
density classification, 210
density estimation, 208–215
function, 209
logistic regression, 654
principal component, 547–550
string, 668–669
trick, 660

Kernel methods, 167–176, 208–215,
423–438, 659

Knot, 141, 322
Kriging, 171
Kruskal-Shephard scaling, 570
Kullback-Leibler distance, 561

Lagrange multipliers, 293
Landmark, 539
Laplacian, 545
Laplacian distribution, 72
LAR, see Least angle regression
Lasso, 68–69, 86–90, 609, 635, 636,

661

fused, 666
Latent

factor, 674
variable, 678

Learning, 1
Learning rate, 396
Learning vector quantization, 462
Least angle regression, 73–79, 86,

610
Least squares, 11, 32
Leave-one-out cross-validation, 243
LeNet, 406
Likelihood function, 265, 273
Linear basis expansion, 139–148
Linear combination splits, 312
Linear discriminant function, 106–

119
Linear methods

for classification, 101–137
for regression, 43–99

Linear models and least squares,
11

Linear regression of an indicator
matrix, 103

Linear separability, 129
Linear smoother, 153
Link function, 296
LLE, see Local linear embedding
Local false discovery rate, 693
Local likelihood, 205
Local linear embedding, 572
Local methods in high dimensions,

22–27
Local minima, 400
Local polynomial regression, 197
Local regression, 194, 200
Localization in time/frequency, 175
Loess (local regression), 194, 200
Log-linear model, 639
Log-odds ratio (logit), 119
Logistic (sigmoid) function, 393
Logistic regression, 119–128, 299
Logit (log-odds ratio), 119
Loss function, 18, 21, 219–223, 346
Loss matrix, 310
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Lossless compression, 515
Lossy compression, 515
LVQ, see Learning Vector Quan-

tization

Mahalanobis distance, 441
Majority vote, 337
Majorization, 294, 553
Majorize-Minimize algorithm, 294,

584
MAP (maximum aposteriori) es-

timate, 270
Margin, 134, 418
Market basket analysis, 488, 499
Markov chain Monte Carlo (MCMC)

methods, 279
Markov graph, 627
Markov networks, 638–648
MARS, see Multivariate adaptive

regression splines
MART, see Multiple additive re-

gression trees
Maximum likelihood estimation,

31, 261, 265
MCMC, see Markov Chain Monte

Carlo Methods
MDL, see Minimum description

length
Mean field approximation, 641
Mean squared error, 24, 285
Memory-based method, 463
Metropolis-Hastings algorithm, 282
Minimum description length (MDL),

235
Minorization, 294, 553
Minorize-Maximize algorithm, 294,

584
Misclassification error, 17, 309
Missing data, 276, 332–333
Missing predictor values, 332–333
Mixing proportions, 214
Mixture discriminant analysis, 449–

455
Mixture modeling, 214–215, 272–

275, 449–455, 692

Mixture of experts, 329–332
Mixtures and the EM algorithm,

272–275
MM algorithm, 294, 584
Mode seekers, 507
Model averaging and stacking, 288
Model combination, 289
Model complexity, 221–222
Model selection, 57, 222–223, 230–

231
Modified regression, 634
Monte Carlo method, 250, 495
Mother wavelet, 178
Multidimensional scaling, 570–572
Multidimensional splines, 162
Multiedit algorithm, 480
Multilayer perceptron, 400, 401
Multinomial distribution, 120
Multiple additive regression trees

(MART), 361
Multiple hypothesis testing, 683–

693
Multiple minima, 291, 400
Multiple outcome shrinkage and

selection, 84
Multiple outputs, 56, 84, 103–106
Multiple regression from simple uni-

variate regression, 52
Multiresolution analysis, 178
Multivariate adaptive regression

splines (MARS), 321–327
Multivariate nonparametric regres-

sion, 445

Nadaraya–Watson estimate, 193
Naive Bayes classifier, 108, 210–

211, 694
Natural cubic splines, 144–146
Nearest centroids, 670
Nearest neighbor methods, 463–

483
Nearest shrunken centroids, 651–

654, 694
Network diagram, 392
Neural networks, 389–416
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Newton’s method (Newton-Raphson
procedure), 120–122

Non-negative matrix factorization,
553–554

Nonparametric logistic regression,
299–304

Normal (Gaussian) distribution,
16, 31

Normal equations, 12
Numerical optimization, 395–396

Object dissimilarity, 505–507
Online algorithm, 397
Optimal scoring, 445, 450–451
Optimal separating hyperplane, 132–

135
Optimism of the training error rate,

228–230
Ordered categorical (ordinal) pre-

dictor, 10, 504
Ordered features, 666
Orthogonal predictors, 53
Overfitting, 220, 228–230, 364

PageRank, 576
Pairwise distance, 668
Pairwise Markov property, 628
Parametric bootstrap, 264
Partial dependence plots, 369–370
Partial least squares, 80–82, 680
Partition function, 638
Parzen window, 208
Pasting, 318
Path algorithm, 73–79, 86–89, 432
Patient rule induction method(PRIM),

317–321, 499–501
Peeling, 318
Penalization, 607, see regulariza-

tion
Penalized discriminant analysis, 446–

449
Penalized polynomial regression,

171
Penalized regression, 34, 61–69, 171
Penalty matrix, 152, 189

Perceptron, 392–416
Piecewise polynomials and splines,

36, 143
Posterior

distribution, 268
probability, 233–235, 268

Power method, 577
Pre-conditioning, 681–683
Prediction accuracy, 329
Prediction error, 18
Predictive distribution, 268
PRIM, see Patient rule induction

method
Principal components, 66–67, 79–

80, 534–539, 547
regression, 79–80
sparse, 550
supervised, 674

Principal curves and surfaces, 541–
544

Principal points, 541
Prior distribution, 268–272
Procrustes

average, 540
distance, 539

Projection pursuit, 389–392, 565
regression, 389–392

Prototype classifier, 459–463
Prototype methods, 459–463
Proximity matrices, 503
Pruning, 308

QR decomposition, 55
Quadratic approximations and in-

ference, 124
Quadratic discriminant function,

108, 110

Radial basis function (RBF) net-
work, 392

Radial basis functions, 212–214,
275, 393

Radial kernel, 548
Random forest, 409, 587–604

algorithm, 588
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bias, 596–601
comparison to boosting, 589
example, 589
out-of-bag (oob), 592
overfit, 596
proximity plot, 595
variable importance, 593
variance, 597–601

Rao score test, 125
Rayleigh quotient, 116
Receiver operating characteristic

(ROC) curve, 317
Reduced-rank linear discriminant

analysis, 113
Regression, 11–14, 43–99, 200–204
Regression spline, 144
Regularization, 34, 167–176
Regularized discriminant analysis,

112–113, 654
Relevance network, 631
Representer of evaluation, 169
Reproducing kernel Hilbert space,

167–176, 428–429
Reproducing property, 169
Responsibilities, 274–275
Ridge regression, 61–68, 650, 659
Risk factor, 122
Robust fitting, 346–350
Rosenblatt’s perceptron learning

algorithm, 130
Rug plot, 303
Rulefit, 623

SAM, 690–693, see Significance Anal-
ysis of Microarrays

Sammon mapping, 571
SCAD, 92
Scaling of the inputs, 398
Schwarz’s criterion, 230–235
Score equations, 120, 265
Self-consistency property, 541–543
Self-organizing map (SOM), 528–

534
Sensitivity of a test, 314–317
Separating hyperplane, 132–135

Separating hyperplanes, 136, 417–
419

Separator, 628
Shape average, 482, 540
Shrinkage methods, 61–69, 652
Sigmoid, 393
Significance Analysis of Microar-

rays, 690–693
Similarity measure, see Dissimi-

larity measure
Single index model, 390
Singular value decomposition, 64,

535–536, 659
singular values, 535
singular vectors, 535

Sliced inverse regression, 480
Smoother, 139–156, 192–199

matrix, 153
Smoothing parameter, 37, 156–161,

198–199
Smoothing spline, 151–156
Soft clustering, 512
Soft-thresholding, 653
Softmax function, 393
SOM, see Self-organizing map
Sparse, 175, 304, 610–613, 636

additive model, 91
graph, 625, 635

Specificity of a test, 314–317
Spectral clustering, 544–547
Spline, 186

additive, 297–299
cubic, 151–153
cubic smoothing, 151–153
interaction, 428
regression, 144
smoothing, 151–156
thin plate, 165

Squared error loss, 18, 24, 37, 219
SRM, see Structural risk minimiza-

tion
Stacking (stacked generalization),

290
Starting values, 397
Statistical decision theory, 18–22
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Statistical model, 28–29
Steepest descent, 358, 395–397
Stepwise selection, 60
Stochastic approximation, 397
Stochastic search (bumping), 290–

292
Stress function, 570–572
Structural risk minimization (SRM),

239–241
Subset selection, 57–60
Supervised learning, 2
Supervised principal components,

674–681
Support vector classifier, 417–421,

654
multiclass, 657

Support vector machine, 423–437
SURE shrinkage method, 179
Survival analysis, 674
Survival curve, 674
SVD, see Singular value decom-

position
Symmlet basis, 176

Tangent distance, 471–475
Tanh activation function, 424
Target variables, 10
Tensor product basis, 162
Test error, 220–223
Test set, 220
Thin plate spline, 165
Thinning strategy, 189
Trace of a matrix, 153
Training epoch, 397
Training error, 220–223
Training set, 219–223
Tree for regression, 307–308
Tree-based methods, 305–317
Trees for classification, 308–310
Trellis display, 202

Undirected graph, 625–648
Universal approximator, 390
Unsupervised learning, 2, 485–585
Unsupervised learning as super-

vised learning, 495–497

Validation set, 222
Vapnik-Chervonenkis (VC) dimen-

sion, 237–239
Variable importance plot, 594
Variable types and terminology, 9
Variance, 16, 25, 37, 158–161, 219

between, 114
within, 114, 446

Variance reduction, 588
Varying coefficient models, 203–

204
VC dimension, see Vapnik–Chervon-

enkis dimension
Vector quantization, 514–515
Voronoi regions, 510

Wald test, 125
Wavelet

basis functions, 176–179
smoothing, 174
transform, 176–179

Weak learner, 383, 605
Weakest link pruning, 308
Webpages, 576
Website for book, 8
Weight decay, 398
Weight elimination, 398
Weights in a neural network, 395
Within class covariance matrix, 114,

446


