Numerical Linear Algebra

Norms

1. Vector Norms

Anormisafunctionll - Il : R™ — R that assigns a real-valued length to each vector

that satisfy the following three conditions.

(1) llxll > 0,and llxll = 0 only if x = 0,
(2) llx + yll < llxll + Iiyll,
(3) llaxdl = lal lxl.
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2. Matrix Norms Induced by Vector Norms

A € R™" the matrix norm can be defined:

IIAxII(m)

ANy = sup ——— = sup  llAxll,,.
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The p-Norm of a diagonal Matrix:
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then [IDIl, = max<;j<p ld;1.
The 1-Norm of a Matrix:

A € R™" thenllAll; id equal to the "maximum column sum" of A.
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AxIl = 11Y" xajlly < ) Iglllgll; < max llgjll.
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All; = max llg;ll; .
1<j<n

The co-Norm of a Matrix:



lAll,, = max lla’ll;,
1<j<m

where ajT denotes the jthrow of A.

3. Cauchy-Schwarz and Holder Inequalities

Let p and g satisfy 1/p + 1/g = 1, with 1 < p,g < o0.Then the Holder inequality

states that, for any vectors x and y,

T
eyl < il .

4. Bounding l|IABIl in an Induced Matrix Norm

IABII 1 < Al 1Bl gy -

5. General Matrix Norms

Frobenius norm:
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Al = <Z Z |a,j|2> .
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IABIIZ = IIANIZIIBIIZ
Theorem 1. For any A € R™" and unitary Q € R we have

IQAll, = llAll,,  IQAll = lIAllp.



