Convex Optimization
Lagrange Duality

1. Lagrange Dual Function

Standard form problem (not necessarily convex):

minimize  fy(x)
subjectto  fi(x) <0, i=1,...,m
h;(x)=0, i=1,...,p

variablex € R", domain D, optimal value p*.
Lagrangian:

L:R"XR"xRP - R,withdomL =D x R" X R?,
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Lagrange dual function: g : R" X R” - R,

g(A,v) = inf L(x,A,v)
xeD

m p
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g is concave, can be —oo for some 4, v.
Lower bound property:

IfA > 0,theng(4,v) < p*.



2. The Dual Problem

Lagrange dual problem:

maxmize g(4,v)
subjectto 1 >0

A convex optimization problem, optimal value denoted d*.

Weak duality:

Strong duality:

Slater's constraint qualification:

Strong duality holds for a convex problem

minimize  fy(x)
subjectto fi(x) <0, i=1,....m
Ax=0b

if itis strictly feasible,

dxemtD: fi(x)L0, i=1,....m, Ax=0b
3. Karush-Kuhn-Tucker (KKT) Conditions

Complementary slackness:

Assume strong duality holds, x™ is primal optimal, (A*, *) is dual optimal
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hence, the two inequalities hold with equality:

e x™ minimizes L(x, A*,v*)

o A¥fi(x*) = O0fori =1,...,m (known as complementary slackness):
A>0=>f,(x")=0, fix")<0=>1=0
KKT conditions:

1. primal constraints: f;(x) < 0,i = 1,...,m,h;(x) =0,i=1,...,p
2. dual constraints: 4 > 0
3. complementary slackness: 4;f;(x) = 0,i = 1,...,m

4. gradient of Lagrangian with respect to x vanishes:
m p
Vi) + Y AV + ) viVhi(x) =0
if strong duality holds and x, A, v are optimal, then they must satisfy the KKT
conditions.
KKT conditions for convex problem:

If X, /~1, U satisfy KKT for a convex problem, then they are optimal:

e from complementary slackness: fo(X) = L()Nc,i, V)

e from 4th condition (and convexity): g(/~1, v) = L(x, /~1, V)

hence, fo(X) = g(/~1, ).



